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Chapter 1

Convex Sets

1.1 Introduction to Sets

1.1.1 Set Terminology
Below is a list of terminology that is used when discussing convex sets:

1. Euclidean Ball — In Euclidean n-space, an open n-ball of radius r € R
and center xg € R" is the set of all points of distance less than r from xgq:

B, (o) ={z € R" : || — xo|| < r}.
In Euclidean n-space, a closed n-ball of radius » € R4 and center xg €
R™ is the set of all points of distance less than or equal to r from xg:
B [z] ={z e R" : ||z — zo|| < T}.
2. Open Set — An open set is a collection of points that does not include

limit/boundary points. More formally, a set X C R™ is open if for any
point & € X there exists a ball centered at & which is contained in X

Ir>0:B.(x) CX, Ve e X.
For example, the interval (0,1) = {x € R: 0 < z < 1} is an open set.

3. Closed Set — A closed set is a collection of points that has a boundary.
More formally, a set X C R™ is closed if its complement R™\ X" is open.
For example, the interval [0,1] = {z € R: 0 < z < 1} is closed because
its complement (—00,0) U (1,00) = {x € R: 2z < 0 or & > 1} is open.

4. Interior — The interior of a set X C R" is the set of all interior points:
intX = {x € X: By(x) C X for some r > 0}.

For example, the interior of the open set (0,1) ={z € R: 0 < z < 1} and
the closed set [0,1] = {x € R: 0 < 2 < 1} is the open set (0,1). Note that
a set X C R"” is open if and only if X is equal to its interior.
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CHAPTER 1. CONVEX SETS

5. Closure — The closure, X, of a set X C R” consists of all points in X and
all limit points of X. A point x is considered a limit point of & if every
neighborhood of x contains a point in X other than x itself. For example,
the closure of the open set (0,1) = {z € R: 0 < 2 < 1} and the closed set
[0,1] ={z € R: 0 < x < 1} is the closed set [0, 1].

6. Boundary — The boundary of a set X € R” is the set of boundary points:
0X = X\intX.

For example, the boundary of the open set (0,1) = {x € R: 0 < z < 1}
and the closed set [0,1] = { € R: 0 < z < 1} is the set of just two points:
{0, 1}. Note that an open set does not contain any of its boundary points,
while a closed set contains all of its boundary points.

7. Bounded — A set X C R"™ is bounded if it is contained in a Euclidean
ball of finite radius, meaning

Jxzo €eR", 7>0: X C By(x0).

For example, the interval (0,1) = {x € R: 0 < = < 1} is bounded, but
the interval (0,00) = {z € R: & > 0} is not bounded.

8. Compact — A set X € R" is compact if it is both closed and bounded.
For example, the interval [0,1] = {x € R: 0 < z < 1} is compact.

1.1.2 Hyperplanes & Half-spaces

Given a non-zero vector @ € R™ and constant b € R, we can define a hyper-
plane, which is a set of the form

H={xcR":a"z =0}

A hyperplane divides the Euclidean space R™ into two half-spaces. The closed
negative half-space and closed positive half space are defined as

H ={xcR":a’z <b} and H, = {x cR":aTz > b}.
The open negative half-space and open positive half space are defined as

H o ={xecR":a’x<b} and Hy, ={x cR":aTx > b}

Figure [[.I] shows how a hyperplane divides a whole space into two half-spaces.

Convex Optimization | S. Pohland



CHAPTER 1. CONVEX SETS

Figure 1.1: The long black line is a hyperplane H C R"™, which
divides the whole space into two half spaces. The blue region is
the half space H ., and the purple region is the half space H_.

1.1.3 Polyhedra & Polytopes

A polyhedron is the intersection of a finite number of half-spaces and hyper-
planes. A polytope is a bounded polyhedron. A polyhedron/polytope P can
be expressed as a finite number of linear equalities and inequalities:

Pz{mER”:afmgbi, i=1,...,m; cfm:dj, j=1,...,p}

Figure [1.2] shows an example of a polytope.

Oy

Figure 1.2: The set P is a polytope that was formed by the
intersection of five hyperplanes/half spaces.

Convex Optimization | S. Pohland



CHAPTER 1. CONVEX SETS

1.2 Convex Sets

1.2.1 Definition of Convexity

A set C C R" is convex if the line segment between any two points in the set
is contained within the set. Written more formally, C' is convex if and only if

Az + (1 — /\)582 € C, Ve, € C, VX € [O, 1]

An extension of this definition says that the set C' is convex if and only if

dAiwi€C, Var,...,xm €C, VAERT : > A =1
i=1

i=1

A set C is strictly convex if the interior of the line segment joining any two
points in the set is contained within the relative interior of C'. Figure [I.3]demon-
strate the differences between convex, non-convex, and strictly convex sets.

Conyex ConNex

Figure 1.3: The first set is strictly convex because the line seg-
ment between any two points falls within the relative interior
of the set. The second set is convex because the line segment
between any two points falls within the set, but it is not strictly
convex because there are points in the set for which the line
segment between them falls on the boundary of the set. The
last set is not convex because there are points for which the line
segment between them does not fall entirely within the set.

1.2.2 Convex Cones

A set C' C R" is considered a cone if and only if
ax € C, Ve € C, Ya > 0.
The set C' is a convex cone if it is both convex and a cone, meaning

AMx1 + Xoxg € C, V1,23 € C, VA1, A2 > 0.

Convex Optimization | S. Pohland



CHAPTER 1. CONVEX SETS

1.2.3 Examples of Convex Sets

There are several important examples of common convex sets:

1.
2.
3.

10.

11.
12.

13.

Empty set — ) C R
Singleton — {xo}, where g € R™
Whole space — R™
Vector subspace — V' C R"
Open Euclidean ball — B,.(zg) = {x € R" : ||z — xol|| < r}
Closed Euclidean ball — B,.[xg] = {x € R" : ||z — xol|| < r}
Hyperplane - H = {x € R" : aTx = b}
Closed half-space - H_ = {x € R" : aTx < b}
Hy={xeR":aTz > b}
Open half-space - H__ = {x ¢ R": aTx < b}
Hir ={x eR":alz > b}
Polyhedron — P = {z € R" : aj ® < b;, cjx = d;;
i=1,....m, j=1,...,n}
Line-L={yeR":y=ax+xo; 0 €R, x,x9 € R"}

Ray - Ly ={yeR":y=ax+xo; a >0, x,x9 € R"}
L_o={yeR":y=ax+xo; <0, x,x9 € R"}

Line Segment — £ = {y € R" : y = ax + xo; o € [ag, a1, &, x0 € R"}

We can prove all of these sets are convex using the definition of convexity.

1.2.4 Operations on Convex Sets

Below are a list of common functions on sets that preserve convexity:

1.

Intersection of Sets

m
If C,...,Cy are convex sets, their intersection, C' = [ Cj, is also convex.
i=0

Sum of Sets
If Cy,...,Cy, are convex sets, their sum, C' = Y " C;, which is defined

as C = {221 T x; € CZ-}7 is also convex.

Convex Optimization | S. Pohland



CHAPTER 1. CONVEX SETS

3. Affine Transformation

If f:R™ — R™ is an affine function such that f(x) = Ax + b, where
A e R™"™ and b € R™, and C C R" is convex, then the transformed set,

f(C) = {f(ac) tx € C’}, is also convex.

4. Projection
If C C R™ x R™ is a convex set, then the projection onto R, defined as

T := {wl ER™: (x1,22) €C, T3 € R”}, is also convex.

5. Perspective Function

The perspective function scales vectors so their last component is one, then
drops the last component. It is defined on the domain domP = R"” x R4 4
such that P(z,t) = #. If C C domP is convex, then the perspective of
the set, P(C) := {P(x) : ¢ € C}, is also convex.

6. Linear Fractional Function

Suppose g : R® — R™*! is an affine function defined as

s[4+ ]

where A € R™*" b e R™, ¢ € R", and d € R. The function f : R™ — R™
given by f = P(g(+)) is defined such that

Az +b

The domain of this function is domf = {x : ¢I'x + d > 0}. This function
is called the linear-fractional function. If C' C domf is a convex set, then
its image, f(C) := {f(x) : * € C}, is also convex.

1.3 Combinations & Hulls

1.3.1 Linear Combination

If P CR™is the set P = {x1,...,Zm}, a linear combination of its points is

m
a::Z)\i:ci, where \; e R, 1 =1,...,m.
i=1

1.3.2 Affine Combination & Hull

An affine combination is a linear combination in which all of the coefficients,
Al, ..y Am, sum to one. An affine hull is the set of all possible affine combi-
nations of a set of points. The affine hull for the set P = {@1,...,&m} is

aff(P){:ci)\imi : i)‘il}‘

Convex Optimization | S. Pohland



CHAPTER 1. CONVEX SETS

The relative interior of a set P is the interior relative to its affine hull:

relint(P) = {m € P: B.(x)naff(P) C P for some r > O}

The relative boundary is then defined as rel0P = P\relint(P).

For example, consider the set P = {x € R : 21 € [-1,1], 22 € [-1,1], 23 = 0}.
The affine hull of P is aff(P) = {z € R3 : 3 = 0}, which is the (z1,2) plane.
The interior of P is intP = () and the boundary of P is 9P = P. The relative
interior of P is relintP = {x € R? : 71 € (—1,1), 2 € (—1,1), x3 = 0} and the
relative boundary is reldP = {x € R?® : max{|z1|,|z2|} = 1, 3 = 0}.

1.3.3 Conic Combination & Hull

An conic combination is a linear combination in which all of the coefficients,
Al, ..., Am, are non-negative. A conic hull is the set of all possible conic
combinations. The conic hull for the set P = {@1,...,Zm} is given by

conic(P) = {x = Z)‘imi DA > 0}.
i=1

Note that every conic hull is a convex cone. Figure shows two examples.

0

Figure 1.4: In the first figure, the set is composed of the ten
black points. In the second image, the set is the region contained
within the black lines. In both figures, the origin in R™ is shown
in green, and the conic hull is the blue shaded region.

1.3.4 Convex Combination & Hull

A convex combination is a linear combination in which all of the coefficients,
A1, .-, Am, are non-negative and sum to one. A convex hull is the set of all
possible convex combinations. The convex hull for the set P = {x1,...,&m} is

co(P) = {x = i)\iwi A >0, i)\i = 1}.
i=1 i=1

Convex Optimization | S. Pohland
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Interestingly, every polytope is the convex hull of its vertices. If P is a polytope
with vertices {v1,...,vm} and & € P, then

x = i)\ivi, where A\; > 0, i)\i =1.

=1 =1

Note that the convex hull is always convex and is the smallest convex set that
contains the set P. Figure shows examples of convex hulls.

Figure 1.5: In the first figure, the set is composed of the ten
black points, and the convex hull is the blue shaded region. In
the second image, the set is the region contained within the
black lines, and the convex hull is the blue shaded region.

1.4 Separating and Supporting Hyperplanes

1.4.1 Separating Hyperplane Theorem

Given two sets C7, Cy C R™, the hyperplane H separates the two sets if C; C H_
and Co C H,. The hyperplane H strictly separates the two sets if C7 C H__
and Cy C Hy,. The separating hyperplane theorem says that if C; and
Cy are non-empty, disjoint, convex sets (i.e. C; N Cy = @), then there exists a
separating hyperplane H for the two sets. If C; is closed and bounded and Cy
is closed, then C; and C5 can be strictly separated. This is shown in figure [1.6

Convex Optimization | S. Pohland



CHAPTER 1. CONVEX SETS

e

H={x: Ax=b}

Figure 1.6: Set Cy is closed, bounded, and convex, and set Cy
is closed and convex. Both sets are non-empty and disjoint.
According to the separating hyperplane theorem, there is a sep-
arating hyperplane H that strictly separates the two sets.

1.4.2 Supporting Hyperplane Theorem

Given a convex set C' C R"™, the hyperplane H is a supporting hyperplane
at the boundary point z € 9C if z € H and C C H_. The supporting
hyperplane theorem says that if C' C R™ is a convex set and z € 9C, then
there exists a supporting hyperplane for C' at z. This is shown in figure

H.={x:a"xep} Ho={x:a7x2p}

a

Z¢e 3C

'\
H={x:o"x=p}

Figure 1.7: C' is a convex set and the point z is on the boundary
of C, so, according to the supporting hyperplane theorem, there
exists a supporting hyperplane H that goes through this point.

Convex Optimization | S. Pohland



Chapter 2

Convex Functions

2.1 Convex & Concave Functions

2.1.1 Domain of Function

Consider a function f : R™ — R. The (effective) domain of f is the set over
which the function is well-defined, which we can express as

domf ={x e R": —00 < f(z) < c0}.

For example, the function f(z) = log(z) has the domain domf = R, , and the
function f(z) = 1 has the domain domf = {z € R: z # 0}.

2.1.2 Definition of Convexity

Convex — A function f is convex if and only if domf is a convex set and
f(Azy + (1= X)) < Af(x1) + (1= N)f(mz), Yoy, x2 € domf, VA € [0,1].

Strictly Convex — f is strictly convex if and only if dom f is convex and

FAz1+(1=Nz2) < Af(@1)+(1-A) f(22), V&1, 22 € domf, @1 # @2, VA € (0, 1).
Concave — A function f is concave if and only if domf is a convex set and
fAzr+ (1= Nz2) > Af(21) + (1= A) f(@2), Va1, 22 € domf, YA € [0,1].

Strictly Concave — f is strictly concave if and only if domf is convex and

f(Az1+(1-N)z2) > M (21)+(1-N) f(22), V&1, 22 € domf, @1 # T2, VA € (0,1).

Note that the function f is concave if and only if the function —f is convex.
Similarly, f is strictly concave if and only if —f is strictly convex. Figure [2.1
provides a visualization of convexity for a function of a scalar variable.
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CHAPTER 2. CONVEX FUNCTIONS

f(x)

Af(xy) + (1 = A) f(x2)

() L ? T2 \( lom f T

£2) S(x2)
z=Axy + (1= N

Figure 2.1: This is an example of a convex function f: R — R.
Notice that for any two points &7 and @5 in the domain dom f,
the function lies below the line segment connecting these points.

A generalization of the definition of convexity is named Jensen’s inequality.
For a convex function f with domain domf, Jensen’s inequality says that if
Ty1,...,&y €domf, A\1,..., A, >0, and A\; + ..., A\, =1, then

/ <Z Ai%’) < Z Aif (x3)-

This inequality can be proven using induction and the definition of convexity.
See https://en.wikipedia.org/wiki/Jensen,27s_inequalityl

2.1.3 Extended-Value Extension

It is often convenient to extend convex functions to all of R™ by defining its
value to be oo outside of its domain. If f is a convex function with domain

domf, its extended-value extension, f : R™ — R U {oo}, is defined as

= ) f(x) if z€domf
f(@) = {oo if z ¢ domf

Similarly, it is convenient to extend concave functions to all of R™ by defining
its value to be —oo outside of its domain. If f is a concave function with domain

domf, its extended-value extension, f : R"” — R U {—o0}, is defined as

= Jf(x) ifxedomf
f(m){—oo if £ ¢ domf
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2.1.4 Examples of Convex/Concave Functions

Below are examples of convex and concave functions in R:

1.

Affine — The affine function ax + b is both convex and concave on R for
all a € R and b € R.

Exponential — The exponential function e®* is convex on R for all a € R.

Power — The power function % is convex on Ry when a > 1 or a < 0.
It is concave on R, for 0 <a < 1.

Power of Absolute Value — The function |z|? is convex on R for p > 1.

Logarithm — The logarithmic function log(z) is concave on Ry, for all
logarithmic bases.

Negative Entropy — The negative entropy function xlog(z) is convex on
R4 for all logarithmic bases.

Below are examples of convex and concave functions in R™:

1.

Affine — The affine function a”x + b is both convex and concave on R™
for all @ € R™ and b € R.

Norms — Every valid norm f(x) = ||z|| is convex on R™.
Maximum — The max function f(x) = max{xi,...,2,} is convex on R™.
Quadratic over linear — The quadratic over linear function f(z,y) = ”;72

with domain domf = R xR, = {(z,y) € R? : y > 0} is convex on domf.

Log-Sum-Exp — The log-sum-exp function f(x) = lse(x) = log (Z?:l e”“)
is convex on R™.

1/n
Geometric Mean — The geometric mean f(x) = (H?:l xi> is concave

on domf =R% .

Below are examples of convex and concave functions in R™*™:

1.

Log-Determinant — The log-determinant function f(X) = log(detX) is
concave on S | .

We can prove all of these functions are convex using the definition of convexity.
However, to show that a function is convex, it is often easier to use the conditions
for convexity discussed in the next section.

2.2 Conditions for Convexity

Besides resorting to the definition, there are several other rules and conditions
that can characterize the convexity of a function. Note that when mentioning
the convexity of a function f, it is implicitly assumed that domf is convex.
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2.2.1 First Order Condition

Consider a differentiable function f : R™ — R with the domain

domf ={x € R": —00 < f(x) < c0}.

Convex — The function f is convex if and only if domf is a convex set and

f) > f@)+ Vo f(x)" (y — ), Yo,y € dom .

Strictly Convex — f is strictly convex if and only if dom f is convex and

f) > f(@) + Vo f (@) (y — x), Vo,y € domf, = #y.

Concave — The function f is concave if and only if domf is a convex set and

f) < f@)+ Ve f(x)" (y — ), Yo,y € dom .

Strictly Concave — f is strictly concave if and only if domf is convex and

fy) < f(®) + Vaf(x)" (y — @), Yo,y € domf, = #y.

Proof: To prove f is convex under the first order condition for convexity, recall
that f is convex if and only if domf is a convex set and

f()\ml +(1- )\)mz) < Af(x1) + (1= N)f(x2), V1,22 € dOomf, VA € [0, 1].

Let’s first assume that f is convex, which implies that for A € [0, 1],

fOy+ 1 =Nz) <Af(y)+ (1 - N f(=)

00+ 2 20) <)+ f) 21

Fla+ Ay - @) < (@) + M) - ()

Fla+ Ay~ @)~ f(@) < M)~ (@)
fe A(y;m)) - f (””) < f() - f@)

Taking the limit of the left-hand side of the above inequality as A — 0, we get
Vof(@)(y — ) < fy) - f(=)
Vaf (@) (y —a) + f(z) < f(y)

Therefore, if f is convex, the the first order condition for convexity holds. Now
let’s assume the first order condition for convexity holds. Let x,y € domf,
A €[0,1], and z = Az + (1 — A\)y. Because we assume that the domain domf is
a convex set, z € domf. Now assuming the first order condition holds,
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f(®) > f(2) + Vo f(2)" (z - 2)
F@) 2 f(2) + Vaf(2)"(y - 2)
Taking the convex combination of these inequalities, we get
M(@)+ (1= N f(y) 2 A(f(2) + Vaf(2) (@ = 2) + (1= AN (f(2) + Vaf(2)" (y
= M(2) + AVo f(2) 2 = AV, f(2)T2 + f(2) + Vo f(2)"y
— Vo (2)"2 = M (2) = AV f(2) Ty + AV, f(2)" 2

f(z)+V f z)" A+ (1 - Ny — z)
= [(2)+ V. [(2)" (2 - 2)

= f(z)+ ( )" (0)

= f(z) = ( +(1=Ny)

Because this holds for any choice of x,y € domf and any X\ € [0, 1], this is the
definition of convexity. Now we have proven that the first order condition for
convexity holds if and only if f is convex. We can prove the first order condition
for strict convexity, concavity, and strict concavity in a very similar way.

Geometric Interpretation

The geometric interpretation of the first order condition for convexity is that the
graph of f is bounded below everywhere by any one of its tangent hyperplanes.
Figure 2.2 helps demonstrate this interpretation for a scalar function.

f(y)

fx) +Vf(z) (y—=)

Figure 2.2: Because f is a convex function, f(y) is bounded
below for all points y € domf by any one of its tangent lines
f(x)+ V.f(z)T (y — ), where € domf.

In a similar way, if f is a concave function, then the graph of f is bounded
above everywhere by any one of its tangent hyperplanes.
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2.2.2 Second Order Condition

Consider a twice differentiable function f: R™ — R with the domain
domf ={x € R" : —00 < f(x) < 00}.
Convex — The function f is convex if and only if domf is a convex set and
V2f(x) = 0, Yo € domf.

Strictly Convex — f is strictly convex if and only if domf is convex and

V2f(x) = 0, Va € domf.
Concave — The function f is concave if and only if domf is a convex set and
V2f(x) =0, Yx € domf.

Strictly Concave — f is strictly concave if and only if domf is convex and

V2f(x) <0, Va € domf.

Proof: To prove the second order condition for convexity, we can use the first
order condition. Let g be a point in domf and v € R™ be any direction. Since
dom f is an open set, the point z = xg+ Awv is still in dom f for sufficiently small
A > 0. The Taylor series expansion of f(z) about xg is given by

£(2) = (o) + Vo (@o) (= — o) + 5 (= — o) V2 (@o)(z ~ w0) + O(l|z — wol )
= (o) + Vo (@o)" (= — o) + 5 (W) V2 (o) () + O(| ]}
= (o) + Vo (o) (2 — o) + L XV f(wo)v + O(X)
Using the first order condition, if f is convex, then
F(2) > f(@o) + Vo f(@o) (= — wo)
7(2) — (o) — Vaf (wo) T (= — w0) > 0
%)\2vTVif(wo)v +0(\) >0

1 o
§vTV?cf(w0)v + ;2 )

This holds for all A € [0,1]. If we take A — 0, then

>0

1
gvTVif(wg)v >0

Because this holds for any vector v € R", V2 f(zq) is positive semidefinite.
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Now suppose that V2 f(z) = 0 for all £ € domf and let y € domf. Using the
second order Taylor series approximation of f(y) about x, we can write

F) % f@)+ Vol @) (g~ ) + 5y~ 2) Vi @)y - o)

Because we assume that the Hessian of f is positive semidefinite, the last term
of the expression above is non-negative. Therefore,

f(y) = f(@) + Vo f(@)" (y — )
Because this holds for any x,y € domf, the function f is convex, which com-
pletes our proof. Now we have proven that the second order condition for con-
vexity holds if and only if f is convex. We can prove the second order condition
for strict convexity, concavity, and strict concavity in a very similar way.

Geometric Interpretation

The geometric interpretation of the second order condition is that if f is convex,

then the gradient of f is non-decreasing everywhere, which implies that the

graph of f is concave up. Similarly, if f is a concave, the gradient of f is non-

increasing everywhere, which implies that the graph of f is concave down. If f

is strictly convex, then the gradient of f is increasing everywhere, and if f is

strictly concave, then the gradient of f is decreasing everywhere.

2.2.3 Epigraph Condition

Consider a function f : R™ — R. The epigraph of this function is the set
epif = {(w,t) edomf xR: f(x) < t}.

The function f is convex if and only if its epigraph is a convex set.

2.2.4 Sublevel Set Condition
Consider a function f : R™ — R. For ¢ € R, the c-sublevel set of f is
L; = {ac € domf : f(x) < c}.
If f is a convex function, then L is a convex set for any ¢ € R. If f is a strictly

convex function, then L, is a strictly convex set for any ¢ € R.

2.3 Operations on Convex Functions

2.3.1 Non-Negative Weighted Sum

If f; : R® > R, i=1,...,m are functions with domains domf; and «; > 0,
i1 =1,...,m are non-negative constants, the non-negative weighted sum is

flx) = Zaifi(a:) with domf = ﬂ domf;.
i=1

i=1
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If f; is convex over its corresponding domain, dom f;, for i = 1,...,m, then f is
convex over its domain, domf. If f; is concave over its corresponding domain,
domf;, for i =1,...,m, then f is concave over its domain, domf.

2.3.2 Affine Transformation

Let f : R™ — R be some function with domain domf and g : R™ — R be a
function defined such that

g(x) = f(Az +b), A€ R"™™, beR".

The domain of g is domg = {x € R™ : Az + b € domf}. If f is convex on its
domain, domf, then g is convex on its domain, domg. If f is concave on its
domain, domf, then g is concave on its domain, domg.

2.3.3 Pointwise Maximum & Suppremum

Two Functions

If f1 and f5 are two functions with domains dom f; and dom f5 respectively, then
their pointwise maximum is defined as

f(x) = max{fi(z), fo(z)}
The domain of the pointwise maximum is domf = domf; N domfs. If fi is
convex over domf; and fs is convex over domfs, then f is convex over domf.
Family of Functions

Let f, for some a € A be a single function within a family of functions defined
by the set A. The pointwise suppremum of these functions is defined as

f(x) = sup fo(x) with domf = { ﬂ domfa} ﬂ{w Cf(x) < oo}.

acA acA

If f, is convex over domf, for all & € A, then f is convex over domf. If the
set A is a compact, then we can replace the suppremum with the maximum.

2.3.4 Pointwise Minimum & Infimum
Two Functions

If f1 and f5 are two functions with domains dom f; and dom f5 respectively, then
their pointwise minimum is defined as

f(x) = min{ fi(z), f2(2) }.

The domain of the pointwise minimum is domf = domf; Ndomf,. If fi is
concave over dom fi and fs is concave over dom fy, then f is concave over domf.
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Family of Functions

Let f, for some a € A be a single function within a family of functions defined
by the set A. The pointwise infimum of these functions is defined as

flx) = égafa(w) with domf = { ﬂ domfa}ﬂ{a: f(x) < oo}.

acA

If f, is concave over domf, for all o € A, then f is concave over domf. If the
set A is a compact, then we can replace the infimum with the minimum.

2.3.5 Scalar Composition

Let h : R — R and g : R" — R be two functions, and define the function
f:R* - R as f(x) = h(g(x)). Let the function h be the extended-value
extension of h. We have the following conditions for convexity/concavity of f:

1. f is convex if h is convex, h is non-decreasing, and ¢ is convex.
2. f is convex if h is convex, h is non-increasing, and g is concave.
3. f is concave if h is concave, h is non-decreasing, and g is concave.

4. f is concave if h is concave, h is non-increasing, and g is convex.

2.3.6 Vector Composition

Let h : R* — R and g : R® — R* be two functions, and define the function
f:R* - R as f(x) = h(g(x)). Let the function h be the extended-value
extension of h. We have the following conditions for convexity/concavity of f:

1. f is convex if h is convex, h is non-decreasing in each argument, and g; is
convex for i =1,... k.

2. fis convex if h is convex, h is non-increasing in each argument, and g; is
concave for : =1,..., k.

3. f is concave if h is concave, h is non-decreasing in each argument, and g;
is concave for i = 1,...,k.

4. f is concave if h is concave, h is non-increasing in each argument, and g;
is convex for i =1,... k.
2.3.7 Perspective Function

If f:R™ — R is some function with the domain domf, then the perspective of
f is the function g : R**! — R, which is defined as

o t) = {tf(f) if £ €domf, >0
00 otherwise
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The domain of the perspective function is domg = {(w, t): ¥ € domf, t > O}.
If f is convex over domf, then the perspective function g is convex over domg.
If f is concave over dom f, then the perspective function g is concave over domg.

2.4 Convex Conjugate Function

2.4.1 Definition of the Convex Conjugate

Let f : R — R be a function that is not necessarily convex with the domain
dom f, which is non-empty but not necessarily convex. Its convex conjugate,
or Fenchel conjugate, is denoted f* : R™ — RU{oo} and is defined such that

fy) = m:;l(&f(y% -~ J(@)),

We often treat f as an extended real-valued function with the value f(x) = 0o
for points @ outside of the domain domf, so we can equivalently define the
convex conjugate, or Fenchel conjugate, such that

[y = sup (mi - f(w))-

The convex conjugate of the convex conjugate is denoted f** : R” — R U {oco}
and is defined such that

@) = sw (2Ty- ().

yedom f*

If we treat f* as an extended real-valued function with the value f*(y) = oo
for points y outside of the domain domf*, then we can equivalently define the
conjugate of the conjugate such that

[ (x) = sup (wTy - f*(y))-

yER™

2.4.2 Properties of the Convex Conjugate

Consider the function f : R — R with the domain domf. Below are some
important properties of the convex conjugate of this function.

1. For any function f, its convex conjugate f* is the pointwise suppremum
of affine functions, so f* is necessarily convex, even if f is not convex.

2. For any function f, its convex conjugate f* is lower semicontinuous, mean-
ing that its epigraph is a closed, convex subset of R"*1,

3. In general, if domf and domf* are non-empty, then f**(x) < f(x) for all
x € R™. If f is convex and lower semicontinuous, then f** = f.

4. The Fenchel inequality says that
f@)+ f*(y) = 2y, Yo,y € R"
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2.4.3 Transformations on the Convex Conjugate

Below is the impact of some common transformations on the convex conjugate.

1. Separable sum:
If f(z,u) = g(x) + h(u), then f*(y,v) = g"(y) + h"(v).
2. Scalar multiplication:
If f(x) = ag(x) for a > 0, then f*(y) = «
If f(x) = g(ax) for o # 0, then f*(y) = g*(¥
If f(x) = ag(Z) for a > 0, then f*(y) = ag*(y).
3. Affine addition:
If f(x) =g(x)+a’x +b, then f*(y) = g*(y —a) —b.

4. Linear composition:

If f(x) = g(Ax +b), then f*(y) = g* (A Ty) — bT A~Ty and its domain
is domf* = ATdomg*.

2.5 Subgradients & Subdifferentials

Consider a convex, differentiable function f : R™ — R. The first order condition
for convexity says that at any point & € R”,

fW) > f(x)+ V. f(x)" (y — ), Yy € dom .

If f is non-differentiable, then V, f(x) may not exist at some points € R".
We can instead write that at any point x € R",

f(y) > f(®) +gi(y — ), Vy € domf,

where g, is the subgradient of f at . The set of all subgradients of f at x is
called the subdifferential and is denoted df ().

If f is differentiable at xq, then the subdifferential at this point, 9 f (o), contains
only the gradient of f at xo (i.e. df(xo) = {Vf(xo)}). If f is not differentiable
at o, then the subdifferential at this point is 9f(xo) = [a, b], where

a=lim V. f(x) b= liim V. f(x)

II:T{BO

The subdifferential d(x) is a closed, convex, non-empty, and bounded set.
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Chapter 3

Convex Optimization
Problems

3.1 Convex Optimization

3.1.1 Standard Form of Optimization Problems
In general, an optimization problem is either:

1. A minimization problem with the standard form

.
p" =min Jo(x)

st. fi(z)<0,i=1,...,m

2. A maximization problem with the standard form

P =y Jo(®@)

st. fi(x) <0,i=1,...,m
hj() =0, j=1,....p

In either case, p* is the optimal value, z is the optimization variable, D
is the domain, f; is the objective function, f; is an inequality constraint
function, and h; is an equality constraint function.
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3.1.2 Optimization Terminology

Below is a list of commonly used terminology relevant to optimization problems.

1.

Domain — The domain is the set of points for which the objective function
and all of the constraint functions are defined, which can be expressed as

D= {domfo} N {ﬁ domfl} N {ﬁ domhj}.
i=1 j=1

Feasible Point — A point & € D is considered a feasible point if it satisfies
the inequality constraints (i.e. f;(x) <O0fori=1,...,m) and the equality
constraints (i.e. hj(xz) =0for j =1,...,p).

Feasible Set — The feasible set is the set of all feasible points:

X:{azeD:fi(a:)SO, i=1,...,m; h(z) =0, j:l,...,p}.

Unconstrained — An optimization problem is called unconstrained if it
has no inequality or equality constraints (i.e. m = p = 0). The domain
of an unconstrained problem is D = domfy, and the feasible set of of an
unconstrained problem is X = dom fj.

Feasible — An optimization problem is considered feasible if there exists
at least one feasible point (i.e. X # ().

Infeasible — An optimization problem is considered infeasible if there are
no points in the domain that satisfy all of the constraints (i.e. X = 0).
By convention, if a minimization problem is infeasible, p* = co. Similarly,
if a maximization problem is infeasible, p* = —oc.

*

Optimal Solution — A feasible point & € X is optimal if fo(&) = p*.

Optimal Set — The optimal set is the set if all optimal points:
Xow = {@ € X2 fol@) = p"}.
For a minimization problem, the optimal set is given by

Xopt = argmin fo(x).
xzeX

For a maximization problem, the optimal set is given by

Xopt = argmax  fo(x).
xreX

Solvable — An optimization problem is considered solvable if there exists
an optimal point that attains the optimal value (i.e. X, # 0).
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10. Unsolvable — An optimization problem is considered unsolvable if there
is no point in the feasible set that attains the optimal value (i.e. X, = 0).

11. Unbounded — An optimization problem is considered unbounded below
if there is no lower bound on the optimal solution. If a minimization
problem is unbounded below, the problem is feasible but not solvable and
p* = —oo. Similarly, a problem is considered unbounded above if there

is no upper bound on the optimal solution. If a maximization problem is

unbounded above, the problem is feasible but not solvable and p* = occ.

12. Locally Optimal — A point in the feasible set is locally optimal if it
minimizes the objective function over nearby points in the feasible set.

13. Globally Optimal — A point in the feasible set is globally optimal if it
minimizes the objective function over all points in the feasible set.

14. Inactive/Slack — An inequality constraint f; is considered inactive, or
slack, at the optimal solution, &, if f;(&) is strictly less than zero.

15. Active — An inequality constraint f; is considered active at the optimal

solution, &, if f;(&) is equal to zero.

3.1.3 Convex Optimization Problems

In general, a minimization problem is convex if its objective function is a convex
function and its feasible set is a convex set. For a minimization problem written
in standard form, the problem is convex if

1. fo is convex
2. fiisconvex fori=1,...,m
3. hjisaffinefor j=1,...,p

In general, a maximization problem is convex if its objective function is a concave
function and its feasible set is a convex set. For a maximization problem written
in standard form, the problem is concave if

1. fo is concave
2. fiisconvex fori=1,...,m

3. hjis affine for j =1,...,p

3.1.4 Feasibilty Problem

The goal of a feasibility problem is to determine whether a feasbile point ex-
ists within a set of constraints. A feasibility problem is a convex optimization
problem if the feasible set is convex. This is true if the inequality constraint
functions are convex and the equality constraint functions are affine.
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3.1.5 Optimality Conditions

Theorem: Consider a convex minimization problem whose feasible set is X.
If the objective function fj is differentiable, then the feasible point & € X is
optimal (i.e. fo(&) < fo(x), V& € X) if and only if

Vaofo@) T (x—&) >0, Ve e X.

Proof: Let’s assume that V, fo(2)T (x — ) > 0 for all z € X. We want to show
that this implies fo(&) < fo(x) for all x € X. Because fj is a convex function,
the first order condition says that

fo(@) = fo@) + Vafo(@)" (2 = &) > fo(@) +0 = fo(@).
Therefore, if V. fo(£)T (z — &) > 0 for all z € X, then £ € X is optimal.

Now let’s assume that & is optimal, meaning fo(&) < fo(x) for all z € X'. We
want to show that V, fo(£)% (z — &) > 0 for all z € X. Let’s suppose that there
exists a point y € X such that V, fo(2)T (y — #) < 0. Now consider the point
z =My + (1 — \)&, where X € [0,1]. Because the feasible set is convex, z € X.
Using the Taylor series expansion of fy(z) about &, we can write

fo(2) = fo(®) + Vafo(@)" (2 — &) + O(||z — £[[3)
= fo(®) + Vo fo(@)" Ay + (1 = N)& — &) + O(|[\y + (1 - N)& — &[[3)
= fo(@) + Ao fo(#)" (y — &) + O([[\y — 2)|13)-
For small enough values of A\, we can say that
fo(2) = fo(®) + AV fo(@)" (y — &).

Assuming that V, fo(2)7 (y — &) < 0, this implies that fo(2) < fo(&) for small
enough values of A\. This contradicts our assumption that the point & € X is
optimal. Therefore, if £ is optimal, then V, fo(2)% (x — #) > 0 for all x € X.

Theorem: For an unconstrained convex minimization problem, if the objective
function fj is differentiable, then the point & € X is optimal if and only if

vxf()(:ﬁ) = On-

Proof: For a convex minimization problem that is unconstrained, the feasible
set, X, is simply the domain of the objective, domfy. This implies that the
optimality condition must be satisfied for any y € dom fj, which means

Vo fo(@)"(y — &) 2 0, Vy € domfo.
It should also be satisfied for any point z = 2& — y € dom fy, which means
Vo fo(@)" (2 — &) = Vafo(@) (2 —y) = —Vo fo(@)" (y — &) > 0.

The only way that we can simultaneously satisfy both inequalities is if V. fo(&).
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3.2 Equivalent Problems

Two optimization problems are said to be equivalent if:

1. For every feasible point in the first optimization problem, there is a cor-
responding feasible point in the second optimization problem.

2. For every feasible point in second optimization problem, there is a corre-
sponding feasible point in the first optimization problem.

3.2.1 Monotone Objective

If  : R — R is a continuous, monotonically increasing function over X, then
the following problems are equivalent:

(1) p* = Inin fo(z)

st. file)<0,i=1,...,m
hj(x) =0, j=1,....p

2) p* = mi
(2) 7" = min ¢(fo(x))
st file)<0,i=1,...,m
hj(x) =0, j=1,....p
These two problems have the same set of optimal solutions, X,:. For & € &,

fo(&) = p* and ¢(fo(&)) = p*. This indicates that the optimal values of the
two problems are related in the following way: p* = ¢(p*) and p* = ¢~ 1(p*).

If the first optimization problem is convex and the function ¢(-) is convex, then
the second optimization problem is also convex. For non-negative objective
functions, we often use ¢(-) = log(-), #(:) = (-)2, and ¢(-) = a(-), where a > 0.

3.2.2 Monotone Constraint

Consider an inequality constraint that can be expressed as l(xz) < r(x). If ¢ :
R — R is a continuous, monotonically increasing function over X', this constraint
is equivalent to ¢(I(x)) < ¢(r(x)). If ¢ : R — R is a continuous, monotonically
decreasing function over X, this constraint is equivalent to ¢(I(x)) > ¢(r(x)).

3.2.3 Change of Variables

If ¢ : R® — R™ is a bijective function, then we can define the functions fi() =
filp~™1(-)) for i = 0,1,...,m and h;(:) = hj(¢~'()) for j = 1,...,p. Under
these assumptions, the following problems are equivalent:
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(2) " = min fo(y)

s.t. ﬁ»(y)go, i=1,....m

If fo(&) = p* and fo(y) = p*, then § = ¢(&) and & = ¢~ 1(g). If the first
optimization problem is convex and ¢(-) is affine and invertible, then the second
optimization problem is also convex. Sometimes a well-chosen variable trans-
formation may also transform a non-convex problem into a convex one.

3.2.4 Slack Variables

The inequality f;(z) < 0 is true if and only if there exists a slack variable s; > 0
such that f;(x)+s; = 0. Using this fact, we can write two equivalent problems:

(1) p* = min fo()

st. fi(x)<0,i=1,....,m

2) p* = mi
(2) p . fo(z)

s.t. $i>0,1=1,...,m
file)+s,=0,i=1,....m
hj(m):()a ]:1,,]7

These two problems are equivalent in the following ways:

1. If @ is feasible for (1), then (x, s) is feasible for (2), where s; = — f;(x).

—_

2. If (x, s) is feasible for (2), then @ is feasible for (1).
3. If & is optimal for (1), then (&, §) is optimal for (2), where §; = — f;(&).

4. If (&, §) is optimal for (2), then & is optimal for (1).
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3.2.5 Equality to Inequality Constraint

Consider an optimization problem that is not necessarily convex:
1) p* =min fo(x
(1) p* =min fo(a)
st. b(x)=u
In some cases, we can substitute the equality constraint with an inequality:

(2) p* :gleig fo(x)

st. b(x) <wu
These problems have the same optimal value under the following conditions:
1. foy is non-increasing over D
2. b is non-decreasing over D
3. p* and p* are attainable
If these condition are met, we may be able to turn a non-convex optimization

problem into a convex one without changing the optimal value.

3.2.6 Inactive Constraints

Consider the convex optimization problem whose optimum is achieved at &:

(1) p* =min fo(z)
st file)<0,i=1,...,m

hj(x) =0, j=1,....p
We can define the set of indices that correspond to active constraints as
Alz) = {z e{l,...,m}: fi(&) = o}.

If the optimal value of the optimization problem (1) is attained for the optimal
solution &, then & is also optimal for the optimization problem:

(2) p* :;nei% fo(z)

sit. fi(x) <0, i € A(Z)
hy(@) =0, j=1,....p

Therefore, we can remove inactive constraints from the optimization problem.
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3.2.7 Minimization to Maximization

The following two problems are equivalent:

(1) p = nin fo(z)
st. filw) <0, i=1,...,m
hj(a:):O,jzl,...,m

(2) p* =max — fo(z)

st. fi(x)<0,i=1,....,m
hj(a:)zo, j:l,...,m

If fo(&) = p*, then —fo(&) = p*, which implies that p* = —p*. Additionally,
if (1) is a convex optimization problem, then fy is a convex function and the
feasible set is convex. If fj is a convex function, then — fj is a concave function.
The two problems have the same set of constraints, so if the feasible set for (1)
is convex, then the feasible set for (2) is convex. Therefore, if (1) is a convex
optimization problem, then (2) is also a convex optimization problem.

3.2.8 Epigraph Problem

The following two problems are equivalent:

(1) p* = min fo(x)
st. fi(w) <0, i=1,...,m

hj(x) =0, j=1,...,m

If & is optimal for (1), then (&, ) is optimal for (2), where t = fo(&). If (&, 1) is
optimal for (2), then & is optimal for (1). Note that the equivalence still holds
if the original problem is a maximization problem.
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3.3 Types of Convex Optimization Problems

There are various types of convex optimization problems that will be discussed
in later sections. Figure shows a Venn diagram of the types of convex
optimization problems covered later in these notes.

convex
programming

Figure 3.1: The Venn diagram shows the relationship be-
tween seven types of optimization problems: Linear Programs
(LPs), Quadratic Programs (QPs), Quadratically Constrained
Quadratic Programs (QCQPs), Second-Order Cone Programs
(SOCPs), Semidefinite Programs (SDPs), Geometric Programs
(GPs), and Generalized Geometric Programs (GGPs).
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Duality

4.1 Overview of Duality

4.1.1 Langrangian Duality

When discussing duality, the primal problem is an optimization problem that
is not necessarily convex and has the form

p" =min fo(x)
st. fi(x)<0,i=1,....,m
h](x):O7 j:17"'7p

The optimization variable, a, for the primal problem is called the primal vari-
able. The Lagrangian, denoted £ : R™ x R™ x RP — R, is the weighted sum
of the objective and constraint functions. The Lagrangian is defined as

L(wAv) = fol@) + Y Afi(e) + Y vihs (@),

where A = [A1,..., Ap] and v = [14, ..., 1] are Lagrange multipliers or dual

variables. The Lagrange dual function, g : R™ x R? — R, is defined as
g(A,v) =min L(z, A, v).

The Lagrange dual function is always jointly concave in (A, v), and g(A,v) < p*

for all A > 0,,, and all v. The Lagrange dual function provides a lower bound on

the optimal solution, p*, so we want to find the best lower bound by maximizing

g(A,v). This leads us to the dual problem, which is defined as

*
& = ACR™, BeRP 92 v)

s.t. A>0,,
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Note that, because the Lagrange dual function is always jointly concave in
(A, v), the dual problem is always a convex optimization problem, regardless of
whether the primal problem is a convex optimization problem.

4.1.2 Duality Justification

To justify the way that we defined the dual problem, we will start by discussing
indicator functions. If C' C R" is a non-empty, convex subset of the whole space
R™, then the indicator function for this set is defined as

Ic(m>:{o feeC

oo otherwise

There are two very important indicator functions:

oo otherwise

0 ifxz=0, 0 ifxz<o,
Lo,y (x) = ne ) and Ign(x) = =
" oo otherwise -

Notice that we can equivalently express these indicator functions as

Io,3 () = max ax and Ig» (x) = max o,

Recall that we defined the primal problem as

.
p* =min fo(x)

st. fi(x) <0,i=1,...,m

This constrained problem is equivalent to the following unconstrained problem:

m p
p* = min {fo(w) + > Lii@<0r(®) + D I )=o) (-’B)}'
i=1

i=1

Using the definitions of the two important indicator functions that we defined
previously, this problem is equivalent to the following:

Now we can express the indicator functions in the above problem as

Ie_(fi(m)) = max Aifi(@) and I (hj(x)) = max vjh;(@).

Convex Optimization | S. Pohland



CHAPTER 4. DUALITY

This allows us to express our primal problem as the following min-max problem:

p’ = min { Zmax Aifi(x Zmax vih; }
m p
Pt = :3161% A>0mma§€Rp {fo(m) + ;/\zfz(m) +;yjhj(w)}

Using the Lagrangian definition, we can also express the primal problem as

p*=min max  L(xz, A\ V).
xeD A>0,,,vERP
From our definition of the dual problem, it is also straightforward to see that
we can express it as the following max-min problem:

d*= max min L(z, A v).
A>0,,,vERP zED

4.1.3 Weak & Strong Duality

In the previous section, we justified writing the primal problem as min-max
problem and the dual problem as a max-min problem. A helpful theorem that
relates these two problems is the min-max inequality, which says that for any
function ¢ : R® x R™ and any non-empty sets X C R™ and Y C R™,

sup inf ¢(x,y) < inf sup ¢(x,y).

yey xzeX zeX yey
Furthermore, the min-max theorem says that if X C R™ is convex and com-
pact, Y C R™ is convex, ¢(-,y) is convex and continuous over X for all y € Y,
and ¢(x,-) is concave and continuous over Y for all € X, then

sup inf ¢(x,y) = 1nf sup o(x,y).
yeymé

Recall that we can express the primal and dual problem in the following way:

p* =min max L(xz,A,v) and d* = max min L(z, A, v).
x€D A>0,v A>0,v €D

The min-max inequality says that

max min L(z,A,v) <min max L(z, A v).

A>0,v z€D z€D A>0,v
This leads us to the notion of weak duality, which says d* < p* always holds.
We call the difference §* = p* — d* the duality gap. The min-max theorem
also says that, in some cases, the maximization and minimization operators can
be exchanged without changing the value of the problem. When this is true,
we say that strong duality holds, meaning that p* = d*. When strong duality
holds, the duality gap is zero (i.e. §* = 0).
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4.2 Strong Duality
4.2.1 Slater’s Condition

Recall that we defined the primal problem as
p* =min fo(x)
st. fi(x)<0,i=1,....,m
hj(x) =0, j=1,....p

Assuming the primal problem is convex, the inequality constraint functions f;
are convex and the equality constraint functions h; are affine. Let’s further
assume that the first k¥ < m inequality constraint functions are affine. Slater’s
condition says that strong duality holds (i.e. p* = d*) if there exists a point x
in the relative interior of the domain D such that

1. file) <0fori=1,...,k
2. filx)<O0fori=k+1,....,m
3. hj(x)=0forj=1,...,p

Furthermore, if these conditions hold, there exists an optimal primal variable &
and optimal dual variables (A, ) that attain the optimal value p* = d* > —ooc.

Note that this is a sufficient condition to show that strong duality holds, but
it is not necessary. This means we cannot use Slater’s condition to show that
strong duality does not hold. As another note, Slater’s condition can be used
to check strong duality for a convex optimization problem, but it cannot tell us
whether strong duality holds if the primal problem is not convex.

4.2.2 Consequences of Strong Duality

If we assume that strong duality holds and that the primal and dual optimal
variables are & and (A, ©) respectively, then the Lagrangian at the optimum is

L(#, X, D) = fo(®) + Zj\ifi(:?:) + Z Dby (2).

Because the optimal primal and dual variables must be feasible, we know that
fi(®) <0, hj(&) =0,and \; >0fori=1,...,mand j = 1,...,p. Therefore,
Aifi(#) <0 and vjhj(&) = 0. This allows us to write

If strong duality holds, then fo(&) = p* =d* = g(j\, D). Therefore,
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From this expression, we can write the following inequality:
fo(®) < L(#,X,0).
Combining this with our previous inequality, we can see that

fo(#) = min L(=, A\ D)= L(&, A D).

This has two important consequences:

1. Recall that we previously stated that

m

L(&#,X,0) = fo(&) + Zj\ifi(:ﬁ) + Zﬁjhj(f&)-

i=1

We also know that \;f;(Z) < 0 and Uihj(#) = 0 for ¢ = 1,...,m and
j=1,...,p. In order for E(a‘c,j\,ﬁ) to be exactly equal to fo(&), we
must have S\ifi(i:) =0 for ¢ =1,...,m. This is the complementary
slackness principle, which says that if f;(&) < 0, then Ai = 0. Similarly,
if \; > 0, then fi(£) = 0. Therefore, the optimal dual variables \; can
indicate which inequality constraints are slack/inactive.

2. The optimal primal variable, &, is the minimizer of the Lagrangian evalu-
ated at the dual optimizers, £(x, by D). If L(=x, X, D) is differentiable, then
a necessary condition for & to be a global minimizer is V,£(x, X, D)|g—z =
0. Furthermore, if the primal problem is convex, then £(x, 5\, D) is convex
in &, and this is a sufficient condition for a point to be a global minimizer.

Note that if £(x, X, D) is convex, it may have multiple global minimizers,
and the primal optimal, &, is just one of them. However, if E(w,j\,ﬁ)
is strictly convex, then it has a unique minimizer. If this minimizer is
feasible, then it is the primal solution &. If it is not feasible, then no
optimal primal solution exists.

4.2.3 KKT Conditions

For an optimization problem with differentiable objective and constraint func-
tions, for which strong duality holds, the Karush-Kuhn-Tucker (KKT) con-
ditions are a set of necessary conditions for optimality. When the optimization
problem is convex, the KKT conditions are necessary and sufficient for points
to be primal and dual optimal. This means that for a convex optimization
problem, any point which satisifes the KKT conditions is an optimizer, but for
non-convex optimization problems, a point satisfying the KKT conditions may
not be an optimizer. The KKT conditions are the following;:

1. Primal feasibility — f;(#) <0,i=1,....,m; hj(&)=0,j=1,...,p
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2. Dual feasibility -~ \; >0,i=1,...,m
3. Complementary slackness — lel(:%) =0,i=1,...,m

4. Lagrangian stationarity — V,£(z, A, ?)|g—3 = 0

4.2.4 Perturbations & Sensitivity Analysis

When strong duality holds, the optimal dual variables give useful information
about the sensitivity of the optimal value with respect to perturbations of the
constraints. Consider the primal problem

p’ =min fo(x)
st. fi(x)<0,i=1,....,m
hi(x) =0, j=1,...,p

We can express the perturbed primal problem as

p*(u,v) = mig fo(z)

st. file)<w;, i=1,...,m

If strong duality holds and the dual optimum is attained for (X, ), then
p*(u,v) > p* — XNy —0Tw.

This leads us to the following observations about the sensitivity of optimization
problems to perturbations of the constraints:

1. If ); is large and we tighten the ith inequality constraint (i.e. u; < 0),
then the optimal value p*(u, v) will increase greatly.

2. If \; is small and we loosen the ith inequality constraint (i.e. w; > 0),
then the optimal value p*(u,v) will decrease slightly.

3. If D; is large and positive and v; < 0, then the optimal value p*(u,v) will
increase greatly.

4. If ©; is large and negative and v; > 0, then the optimal value p*(u, v) will
increase greatly.

5. If ¥; is small and positive and v; > 0, then the optimal value p*(u, v) will
decrease slightly.

6. If 7; is small and negative and v; < 0, then the optimal value p*(u, v) will
decrease slightly.
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If strong duality holds and p*(u, v) is differentiable at (u,v) = (0, 0p), then
the optimal dual variables tell us the local sensitivities of the optimal value with
respect to constraint perturbations:

Op*(0m, 0p) .

8p*(0m,0p) _ 3 _
T = _>\’L and T = —Vj.

This says that tightening the ith inequality constraint (i.e. w; < 0) a small
amount yields an increase in p* of approximately — ;. Similarly, loosening
the ith inequality constraint (i.e. w; > 0) a small amount yields a decrease
in p* of approximately S\Zul Furthermore, if 5\1» = 0, then the ¢th inequality
constraint is inactive, and loosening/tightening the constraint a small amount
has a negligible effect on the optimal value. In general, if A is small, then
loosening/tightening the ith inequality constraint does not have a significant
effect on the optimal value. Conversely, if A is large, then loosening/tightening
the ith inequality constraint does have a significant effect on the optimal value.
Similar conclusions can be made for the equality constraints.

4.3 Alternative Forms of Duality

When discussing duality, we primarily focused on Lagrangian duality, where
L(x, A, v) is the Lagrangian and the primal and dual problem are given by
p* =min max L(xz,A,v) and d* = max min L(z, A, v).
x€D A>0,v A>0,v x€D

Now we will discuss two other forms of duality that do not use the Lagrangian.
For these alternate forms of duality, we still have a primal problem with the
optimal value p* and a dual problem with the optimal value d*, and the notion
of weak and strong duality still holds. However, our discussion of Slater’s con-
dition, consequences of strong duality, KKT conditions, and sensitivity under
perturbations no longer relate to these alternate forms of duality.

4.3.1 Duality & Convex Conjugate

Suppose we have the following convex optimization problem:

p* = min f(x).

xcdom f

Recall that if the function f is convex and lower semicontinuous, then it is equal
to the convex conjugate of its convex conjugate (i.e. f = f**), so

fl@)=f"(x) = max (z'y - f*(y)).

ycdom f*

Under this condition, we can reformulate the original optimization problem as

* . T, e
b _mg(}(l)g1fyg}110ar§f*(m Y f (y))
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Now that we have expressed the primal problem as a min-max problem, we can
dualize this problem to the following max-min problem:

d* = : T, _ p* .
ynax - min (@ty — f(y))

4.3.2 Duality & Norms

Suppose we have the following convex optimization problem:

v = min{ |1 (@)l + |l + 1 Fs()llc

where f1 : R® — R™, fo : R" — RP, and f3 : R” — R9. Using the concept of
dual norms, we can express the [, norms in the optimization problem as

IA@)= max uffi(z)
uz:|u1]ee <1

If2(@)|la = max  ug fox)
uz:||uz|[2<1

Ifa(@)lloe = max ug f3(x)
us:||us|[1<1

This then allows us to express our optimization problem as
p*=min max wulfi(x)+ulfolx) + ul f3(x)
€D ui,uz,us

5.t. lulloo <1, [luglls <1, [Jug|li <1

Now that we have expressed the primal problem as a min-max problem, we can
dualize this problem to the following max-min problem:

d* = max min uffl(a:) + ugfg(ac) + ugfg(a:)
u1,uz2,u3 x©€D

st JJuilleo <1, [Juzlla <1, [lus|l; <1
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Chapter 5

Linear Programs (LPs)

5.1 Overview of Linear Programs

5.1.1 Common Form

When the objective and constraint functions of an optimization problem are all
affine, the problem is called a linear program (LP) and has the general form:

p* =min ¢z +d
xeR”

st. Gx<h

Ax =b>

where c € R", d € R, G € R™*" h € R™, A € RP*" and b € RP. Note that
the constant d is sometimes omitted because it does not affect the optimal set.
The constraints in this form are a set of m inequalities and p equalities:

91 [y
G=|:| n=1|:
gqq':z _hm

Gx<h = gfwﬁhh i=1,...,m

CL’{ _bl
aIT) |bp
Amzbza;w—bwj—l, D
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5.1.2 Optimal Solution
Unconstrained Problem

An unconstrained linear program has the form

p* = min ¢z +d.
ESING

The optimal value of an unconstrained linear program is

. )d ife=0,
b —oco  otherwise

Constrained Problem

As stated previously, the constraints of an LP include m affine inequalities and
p affine equalities. Therefore, we can express the feasible set as

X={xecR":glx<hy,i=1,...,m; a;-rwzbj, j=1,...,p}

Because the feasible set is the intersection of a finite number of affine equality
and inequality constraints, this set is a polyhedron. If the feasible set is bounded,
then it is a polytope. If the feasible set is a general polyhedron, then the optimal
solution (if any exists) lies on the boundary of the feasible set. If the feasible
set is a polytyope, then the optimal value is attained at a vertex of the feasible
set. Note that, if the optimal value is attained at multiple vertices, then it is
also achieved at any point in the convex hull of these vertices.

5.2 Linear Program Duality
5.2.1 Lagrange Dual Problem
The Lagrangian for a general linear program can be expressed as
Lz, \v)=c'z+d+a”(Gx —h)+ v (Az —b)
=(c+G"AX+A"V) 'z + (d—h"X-b"v).
Recall that the dual function is defined as

g(A,v) =min L(z, A\ v).

xeD

If the expression (¢ + GT X+ ATv) is non-zero, then we can choose z such that
the minimum of the Lagrangian is —co. Therefore, the dual function is

(Av) = (d—hT'A-bTv) if (c+G"A+ ATv) =0,
gy = —00 otherwise '
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We can then express the dual problem for a general linear program as
d* =max — R'A —b"v +d
st. GTA+ATv4c=0,
A>0,

Notice that this dual problem is also a linear program.

5.2.2 Dual of the Dual
The dual problem from the previous section can be equivalently expressed as
—d" =min R"A+b"v —d
st. GIAX+ATv+c=0,
A>0,,
The Lagrangian for this problem can be expressed as
L v,a,8) = (KA +b"v —d) —a" X+ 87 (G" A+ ATv 4 ¢)
=(h—a+GB)'A+(b+AB) v+ (—d+c'B).

Again, recall that the dual function is defined such that

g(e, B) = min L(A,v, e, B).

If the expression (h — « + G(3) is non-zero, then we can choose A such that
the minimum of the Lagrangian is —oo. Similarly, if the expression (b + AQ3)
is non-zero, then we can choose v such that the minimum of the Lagrangian is
—o0. Therefore, the dual function can be expressed as

(cTB—d) if (h—a+GB)=0,, (b+AB)=0,

—00 otherwise

g(e, B) = {

Now we can express the dual of the dual for a general linear program as

—dd* =max ¢'B—d

a,p

st. h—a+GB =0,
b+A3=0,
a >0,

Combining the first and third constraint, we can write this problem as
—dd* :mgx c'p—d
st. GB+h >0,
AB+b=0,
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If we replace the variable 3 with —x and convert the maximization problem to
a minimization one, the dual of the dual of the linear program is given by
dd* =min ¢’z +d
x

st. Gz <h

Az =b
Now we can see that the dual of the dual of a linear program is the same as the
primal linear program in general form. This implies that strong duality holds if
Slater’s condition holds for either the primal or dual problem. Because all of the

constraints in both the primal and dual problem are affine, Slater’s condition
says that strong duality holds unless both the primal and dual are infeasible.

5.3 Converting Problems to Linear Programs

5.3.1 General Technique
Suppose we have an optimization problem of the form
* : T
= 1, )
p* = min f(z) 1 +g(z)
where f: R™ — R™ and g : R™ — R. We can reformulate this problem as

p* =min 271, +t
x,z,t

st. oz > film),i=1,...,m
t>g(x)

In some cases, these new constraints can be written as affine constraints, which
allows us to express the original optimization problem as a linear program.

5.3.2 Maximum Functions

Consider an optimization problem of the form
" .
= min<{ max ;..
p me]R"{izl,.“,n Z}

We can equivalently express this problem as

p* =min ¢t
x,t

s.t. t> max x;

i=1,...,n

In order to express this problem as linear problem, we notice that if ¢ is greater
than or equal to the maximum value of {®1,..., %y}, then it must be greater
than or equal to all x;. This allows us to express the problem as
p* =min t
x,t

st. t>x;,1=1,...,n
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5.3.3 Minimum Functions

Similarly, consider an optimization problem of the form

pt = min{— min xz}
xER™ i=1,...,n

We can equivalently express this problem as

p* =min —t
x,t

st. —t>— min x4
1=1,...,n

This problem is also equivalent to

p* =min —t
x,t

st. ¢ < min z;

i=1,...,n

In order to express this problem as linear problem, we notice that if ¢ is less
than or equal to the minimum value of {z1,...,z,}, then it must be less than
or equal to all x;. This allows us to express the problem as
p" =min —1t
x,t

st. t<ax;,1=1,...,n

5.3.4 Absolute Value Function

Consider an optimization problem of the form

n
* = min E ||
p= xeR”™ !
i=1

We can equivalently express this problem as

n
* .
p° =min g Z
x,z
i=1

stz >z, i=1,...,n

In order to express this problem as linear problem, we notice that if z; is greater
than or equal to the absolute value of x;, then it must be greater than or equal
to both x; and —x;. This allows us to express the problem as

n
. .
p* =min E Z
x,z 4
i=1
st. zi>wx;, i=1,....n

ZiZ—Jﬁi, i=1,...,n
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To see why the two constraints, z; > xz; and z; > —x;, are equivalent to the
single constraint, z; > |z;|, we can draw these three sets on a number line. Notice
that if we instead had the constraint z; < |z;|, the constraint set would not be
convex, so we could not express an optimization problem with this constraint
as a linear program. Figure [5.1] helps to illustrate this point.

XieZ;
< I Xix»-2,
— o

3 } | > Xi
"'2; Zi
—
'X:l L2:

&« : - X

! -2: Zli ,
‘X;l 22

Figure 5.1: The top image shows that the set |x;| < z; can be
expressed as the union of the two sets: x; > —z; and z; < z;.
The image on the bottom shows that the set |z;| > z; is not
convex and cannot be expressed as two affine constraints.

Convex Optimization | S. Pohland



Chapter 6

Quadratic Programs (QPs)

6.1 Overview of Quadratic Programs

6.1.1 Common Form

When the objective function of an optimization problem is a convex quadratic
function and the constraint functions are all affine, the problem is called a
quadratic program (QP). Note that quadratic functions are not necessarily
convex, and we restrict our definition of quadratic programs to problems whose
objective functions are convex quadratics. The general form of a QP is

1
p*=min —z' He +c'x+d
zcR” 2

st. Gx<h
Ax=0b

where H € S, c € R", d € R, G € R™*", h ¢ R™, A € R, b ¢
RP. Note that the constant d is sometimes omitted because it does not affect
the optimal set. As an additional note, the restriction that H is a symmetric
positive semidefinite matrix makes this optimization problem as convex one.
The constraints in this form are a set of m inequalities and p equalities:

91 [ 7y
. he |

g;!;z him

G:




CHAPTER 6. QUADRATIC PROGRAMS (QPS)

6.1.2 Optimal Solution

An unconstrained quadratic program has the form
1
p*=min —x'Hx+ 'z +d.
zER" 2

To find the optimal value p*, we can use the following condition of optimality:
va:fO(w”m:i =0

=0

T=T

1
Va (§wTHas +clx + d)

Hz+c=0

Because this constraint is simply a linear matrix equation, an optimal solution
exists if and only if ¢ is in the range of H. In general, this solution is given by
& = —H'c. Plugging in this optimal solution, we find that the optimal value is

p* = fo(&)
—#"THi+c"&+d

— N =

= _(~H'¢)TH(-H'c) + ' (-H'c) + d

=_-c'H'HH'¢— ¢"Hc +d
1
= icTHTc —cT'Hte +d

1
= —§cTHTc—|— d

N = DN

Now we see that the optimal value of an unconstrained quadratic program is

= {—%CTHTC—FCI if ce R(H)

—00 otherwise

If H is actually a positive definite matrix, then it is invertible, and we can
replace H' with H~'. We also no longer need to write the restriction that c is
in the range space of H because R(H) is now the Euclidean space, R™.

6.2 Quadratic Program Duality

6.2.1 Lagrange Dual Problem

The Lagrangian for a general quadratic program can be expressed as

Lz, A V) = %CCTH:B +c'z+d+a’(Gx — h) + v (Ax — b)

1
5acTHa: +(c+G'X+ ATv) x4+ (d— "X - b"v).
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CHAPTER 6. QUADRATIC PROGRAMS (QPS)

Recall that the dual function is defined as
g(A,v) =min L(z, A, v).

Because the Lagrangian is a quadratic function, we can use the condition of
optimality for an unconstrained problem with a differentiable objective to write
VTE(CE, )\, l/)|m:§3 =0
Hz+(c+G'A+ATv) =0
If (c+ GTX+ ATv) is in the range of H, then & = —H'(c + GTA + ATv).

Plugging in this expression for &, we find that, under this condition,
1
9Av) =3 t"Hz + (c+G'A+ ATv) &+ (d— h"X - b"v)
1
=—5lc+ G'AN+ ATV)TH (c+ G" X+ ATv) + (d — "X - bTv).

If (c+GT X+ ATv) is in the range of H, then, by definition, there exists a vector
z such that (¢ + GTA + ATv) = Hz. Plugging in Hz for (c+ GTXA + ATv)
in our previous expression of the dual function, we get

g\ v) = —%(Hz)THT(Hz) +(d—h"X - b"v)
— —%ZTHHTHZ +(d—h"X - b"v)
= —%zTHz +(d—h" X - b"v)
We can now write a complete expression for the dual function:

Av) = —32THz+ (d—h" X - b"v) if (c+ GTA+ ATv)=Hz
oAy = —00 otherwise

Now we can then express the dual problem for the quadratic program as
1
d*=max — -z"Hz—-h"X-b"v+d
Z,A\ Vv 2

st. Hz=G"A+ATv+e¢
A>0,,

Notice that this dual problem is also a quadratic program. If H is actually a
positive definite matrix, then it is invertible, and we can replace H' with H~!.
We also no longer need to write the restriction that (¢ + GTA+ ATv) is in the
range space of H because R(H) = R™. For this case, the dual problem becomes

1
d" = max — §(GT>\ + AT+ ) "H H (G'AN+ ATv +¢) - h" A -b"v +d
zZ,A\, v
st. A>0,,

Note that this expression of the dual problem is still a quadratic program.
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6.2.2 Dual of the Dual

The dual problem from the previous section can be equivalently expressed as

1
—d* = min 5zTHz +h"A+b"v—d

2,V
st. Hz=G" A+ A"v+e¢
A>0,,

The Lagrangian for this problem can be expressed as

L(z,\v,a,3) = (%ZTHZ +hTA+b"v - d) —a"A+BT(G" A+ ATv +c— Hz)

1
= izTHz —(HB) 24+ (h—a+GB)' X+ b+ AB) v+ (—d+"'B).
Again, recall that the dual function is defined such that
gl,B) = min L(z,A.v,a,B).

1\

If the expression (h — o + G@3) is non-zero, then we can choose A such that
the minimum of the Lagrangian is —oo. Similarly, if the expression (b + AQ3)
is non-zero, then we can choose v such that the minimum of the Lagrangian is
—oo. Therefore, we will assume for now that both expressions are equal to zero,
leaving us with the following expression for the Lagrangian:

L(Z7>\,I/,OL,,8) = %ZTHZ - (HIB)T‘Z + (7d+ CTIB)

Because the Lagrangian is a convex quadratic, we can use the condition of
optimality for an unconstrained problem with a differentiable objective to write

V;,;Lt(z, Aa v, a76)|z:2 =0
H:-HB=0

The vector Hf3 is clearly in the range of H, so 2 = HTHB. Plugging this
expression for £ into the Lagrangian, we get

gl ) = S2TH: — (HB)2 + (—~d +¢7B)

N}

= %(HTHIB)TH(HTHI@) _ (H,B)T(HTHB) Y (~d+mB)
= %ﬁTﬂﬁ —~B"HB+ (—d+c"B)
= —%ﬁTHﬁ +cfB—d

We can now write a complete expression for the dual function:

7%ﬁTH,3+CT,37d if(h—a+GB)=0,, (b+AB)=0,
—00 otherwise

g(a,B) = {
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Now we can express the dual of the dual for a quadratic program as
1
—dd* =max — ~BTHB+c"B—d
o,B 2

st. h—a+GB=0,
b+AB=0,
a >0y

Combining the first and third constraint, we can write this problem as
1
—dd” =max — iﬁTHB +c"'B-d

st. GB+h>0,,
AB+b=0,

If we replace the variable 8 with —x and convert the maximization problem to
a minimization one, the dual of the dual of a quadratic program is given by

1
dd* =min §acTHw +clz+4d
€T
st. Gz <h
Ax =0>

Now we can see that the dual of the dual of a quadratic program is the same
as the primal quadratic program. This implies that strong duality holds if
Slater’s condition holds for either the primal or dual problem. Because all of
the constraints in both the primal and dual problem are affine, Slater’s condition
says that strong duality holds unless both the primal and dual are infeasible.
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Quadratically Constrained
Quadratic Programs

(QCQPs)

7.1 Overview of QCQPs

When the objective and inequality constraint functions of an optimization prob-
lem are convex quadratic functions and the equality constraint functions are
affine, the problem is called a quadratically constrained quadratic pro-
gram (QCQP). Note that quadratic functions are not necessarily convex, and
we restrict our definition of QCQPs to problems whose objective and inequality
constraint functions are convex quadratics. Additionally, if we were to allow the
equality constraint functions to also be convex quadratics, we would no longer
have a convex optimization problem, so we restrict the equality constraint func-
tions to be affine. The general form of a QCQP is

1
p* = ;161%}1 §acTH0:v + cg:r, + dy

1
s.t. imTHim—FciT:c—&—diSO, i=1,....m
Az =0

where A € RP*", b e RP, H; €S}, ¢; € R", and d; € R for i = 0,...,m. Note
that the constant dj is sometimes omitted because it does not affect the optimal
set. As an additional note, the restriction that H; is a positive semidefinite
symmetric matrix for ¢ = 0,...,m makes this optimization problem convex.
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PROGRAMS (QCQPS)

7.2 QCQP Duality

The Lagrangian for a general QCQP is given bycan be expressed as

1 /1
L(x, A V) = ga:THow +edx+do+ Z Ai (inHzm +clx+ di) +vT(Ax — b)
i=1

1=1 1=1 i=1

T
1 m m m
= §CET (H() + Z >\1H1> T + (CO + Z >\ici + ATV> T + (d(] + Z )\zdz - bTV> .
To simplify this expression, we will define the following matrices and vectors:

H()\) = H() + Z)\sz

i=1

m

c(A\,v) :=co+ Z Nic; + ATv
i=1
m

d(A,v) :=do+ > Nid; —b"v
i=1
This allows us to express the Langrangian for the QCQP as
Lz, A V) = %wTH(A)m +e\v)Tz+dAv).
Recall that the dual function is defined as

g\ v) = min Lz, A, V).

Note that because H(A) is the linear combination of symmetric positive semidef-
inite matrices and \; is non-negative for i = 1,...,m, H(A) is symmetric and
positive semidefinite. Therefore, the Lagrangian is a convex quadratic func-
tion, which means we can use the condition of optimality for an unconstrained
problem with a differentiable objective to write

ViL(x, A\ V)|g=z =0
H(N& 4+ c(Av)=0
If ¢(\,v) is in the range of H(X), then & = —H(X)T¢(\, v). Plugging in this

expression for &, we find that, under this condition,

THMN& + e\ v)TE +d\v)

(o

g()\’y) =

N RN~

(—HN) e, v) " HA) (~HN) e, ) + (A v)T (~HN)e(A ) + dA,v)

cAV)THN) e\ v)) —c A v)THA) e(A\,v) + d(A,v)

e ) THMN) e\ v) +dA,v)

N
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If ¢(A, v) is in the range of H (), then by the definition of the range space, there
exists a vector z such that ¢(A,v) = H(A)z. Plugging in H(A)z for ¢(A,v) in
our previous expression of the dual function, we get

g ) = —%(H()\)z)TH()\)T(H()\)z) A )

= —%ZTH()\)Z +d(Av)

We can now write a complete expression for the dual function:

g(Av) = {—ézTH()\)z—i—d(A,u) if c(A\,v) = H(\)z .

—00 otherwise

Now we can then express the dual problem for a QCQP as

1
d* =max — izTH()\)z +d(Av)

ER. W
st. HA)z=c(Av)
A>0,,
If Hy is positive definite or H; is positive definite for at least one value of
i € {1,...,m} for which A\; > 0, then H(A) is a positive definite matrix. This
implies that H () is invertible, so we can replace H(X)" with H(X)~!. We also
no longer need to write the restriction that ¢(\,v) is in the range space of H(\)
because R(H(A)) = R™. For this case, the dual problem becomes

d* = max — %c(& VITHN) e\ v) + d(A, v)

zZ,A\V

st. A>0,,

7.3 Quadratic Constraints & Ellipsoids

From our definition of QCQPs, we can see that each inequality constraint is the
zero sublevel set of a quadratic function. We express this sublevel set as

1
Ly (f;) = {a: eR": o Hiw + ]2 +d; < o}.

Because we assume that H; € S}, this set is convex, making it a (possibly
unbounded) ellipsoid. When H; > 0 and d; < %C?H i 1ci, this set is a bounded
and full-dimensional ellipsoid, which can be expressed as

Ly (f:) = {m cR": %(az —#)TH;(x — &) < r}

where &; = —Hi_lci is the center of the ellipsoid and r; = %c{H{lci —d; is
the radius of the ellipsoid. Note that if we define P; := ZHi_l, then we can
represent this ellipsoid in a more common form:

Ly (f:) = {x ER": (z— ) P Mz — &) < r}
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Chapter 8

Geometric Programs (GPs)

8.1 Monomials & Posynomials

8.1.1 Definition of Monomials & Posynomials

A positive monomial is a function h : R}, — R that is defined as

hx) = cx® = cH xt,
where ¢ € R,y and a € R™ has components a; for i = 1,...,n. A posynomial

is a function f : R | — R that is defined as the non-negative linear combination
of positive monomials, which we can express as

k k n
Py =Y e =3 e 20,
i=1

i=1  j=1
where ¢; € R4 and a; € R" has components a;; for ¢ = 1,...,k and j =
1,...,n. A generalized posynomial is a function obtained from posynomials

via addition, multiplication, pointwise maximum, or a constant power.

8.1.2 Convex Representation

Monomials, posynomials, and generalized posynomials are not convex functions,
but we can obtain a convex representation of these functions via a change of
variables and logarithmic transformation.

Monomials

If we define a new variable y € R" such that y; = In(x;) for i = 1,...,n and a
new function h : R™ — R such that h(-) = h(e’), then we can express h(y) as

h(y) = h(e¥) = c[[ e = cexp (Z ai%‘) = ce® Y.
i=1 i=1
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If we define the constant b = In(c), then we can express this function as

B(y) — ebe?' Y — o' yHb,
Taking the logarithm of this function, we are left with an affine function:

In (ﬁ(y)) =In (e“Ty+b) =a’y+b

Recall that all affine functions are convex, so In (iL()) is a convex function, even

though the monomial h(-) is not a convex function.

Posynomials

If we define new variable y € R™ such that y; = In(z;) for i = 1,...,n and a
new function f:R™ — R such that f(-) = f(e), then we can express f(y) as

n k n k
)= e = 3 T =3 e (o) = Y.
i j=1 i=1 i=1 i=1

=1 =
If we define b; = In(¢;) for i = 1,..., k, then we can express this function as
k k
fig = Yo berlv =3 st
i=1 i=1

Taking the logarithm of this function, we are left with a log-sum-exp function:

k
ln(f(y)) =1In <Z 6a$y+bi> = lse(Ay + b), where
i=1

—al by

A= : ERM™™ and b= |: | RN
— CLT — bk
When discussing convex functions, we said that the log-sum-exp function is con-
vex on R™. We also said that convexity is preserved under affine transformation.
Therefore, the log-sum-exp function of an affine combination is convex. This
means that ln( f (y)) is a convex function, even though the posynomial is not.

Generalized Posynomials

The is no general method to obtain a convex representation of a generalized
posynomial. If we have an inequality in terms of a generalized posynomial, then
we can introduce new variables to transform the single generalized posynomial
ineqality into multiple posynomial /monomial inequalities. We can then find the
convex representation of these functions as shown previously.
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8.2 Geometric Programs (GPs)

8.2.1 Overview of Geometric Programs

A geometric program (GP) is an optimization problem whose objective and
inequality constraint functions are posynomials and whose equality constraint
functions are positive monomials. A geometric program has the general form

p = min fo(x)

TeRY |
s.t. file)<1,i=1,...,m
hi(x)=1, j=1,...,p
where f; are posynomials and h; are positive monomials for 7 = 0,...,m and
j=1,...,p. In standard form, a geometric program can be expressed as
Mo
= min Qpox®*e
pr=_min ok
k=1
M;
s.t Zakim“’“ <l,i=1,...,m
k=1

where ay;, 85 € Ryt and ags,b; € R" for k=1,...,M;, 71 =0,...,m, and
j=1,...,p. In standard form, a geometric program is not a convex optimiza-
tion problem. However, using the techniques for representing monomials and
posynomials as convex functions, we can write this geometric program as an
equivalent convex optimization problem:

* = min lse(A
p" = min se(Aoy + av)

sit. lse(Ajy+a;)<0,i=1,...,m
By+p8=0

Note that I have implicitly defined the following matrices and vectors:

T

T a1
A; = : e RMixn o = : e RM: 1=0,....m
— b — B
B = eERP™  pBi=|:!| cR?
T
— bl — By
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8.2.2 Overview of Generalized GPs

A generalized geometric program (GGP) is an optimization problem whose
objective and inequality constraint functions are generalized posynomials and
whose equality constraint functions are positive monomials. A generalized geo-
metric program has the general form

p = min fo(x)

zeRY
S.t. file) <1, i=1,....m
hj(ac) =1,5=1,...,p
where f; are generalized posynomials and h; are monomials for i = 0,...,m

and j =1,...,p. Often, we can transform a generalized geometric program into
a geometric program by introducing slack variables.

Example: Consider the generalized GP given by

p* =min max(z,y)
Y,z

)

st 2+ y < \/TYz

1
max(y, z) <
W2 < s
ryz =1
We can transform this problem into a standard GP by first introducing a slack
variable ¢, leaving us with the following problem:

p* = min ¢
z,Yy,2,t

st. max(x,y) <t

%+ y < \/TYz
1
max(y, Z) S \/m

zyz =1

Now we will divide each side of the inequality constraints by the expression on
the right hand side of the inequality, leaving us with

p* = min t
z,Y,2,t

s.t. -1

t~ " max(z,y) <1
(wy2) (2% +y) <1
Vz + z) max(y, z) < 1

ryz =1
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Now we can simplify these constraints in the following way:

p* = min ¢
z,Y,2,t

st max(xt™!, ytT1) <1
22y~ V2,12 L m1/21/2 -1/2
max(x1/2y +yzt/?, 2% 4 23/2) <1
ryz =1

We can then express the first and third constraints as sets of two constraints:

p* =i, t

st.  axt ! <1
yt=t <1
G312y V2,12 212,12 <
22y 4 yzt/? <1
224 232 < 1
ryz =1

Now our objective function is a monomial, our inequality constraints are either

monomials or posynomials, and the equality constraint is a monomial. There-
fore, this is now a standard geometric program.
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Chapter 9

Second-Order Cone Programs

(SOCPs)

9.1 Second-Order Cone (SOC)

9.1.1 Definition of a Second-Order Cone
A second-order cone (SOC) in R? is defined as the set

Ky = {(m,t) ER?xR: \/x%er%St}.

This set looks like a geometric cone, as shown in figure [9.1]

t

Xz

X
Figure 9.1: The blue shaded region is the SOC in R3.

An (n + 1)-dimensional second-order cone (SOC) is defined as the set

K, = {(:v,t) ER" xR :||z||2 < t}.
Note that an SOC is a type of convex cone.
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9.1.2 Hyperbolic Constraints

The rotated second-order cone in R"*2 is defined as the set

KZ:{(m,y,z)ER”xRXR s axle <yz y>0, 220}.

A constraint of the form 7z < yz, y > 0, z > 0 is referred to as a hyperbolic
constraint, which can equivalently be expressed as the SOC constraint

b=

To see how these two constraints are equivalent, first notice that this SOC
constraint is equivalent to the following two constraints:

b

The first of these two constraints is then equivalent to the following:

<y+=z.
2

2
< (y+2)* and (y+2)>0.
2

(22)" (22) + (y — 2)* < (y + 2)?
deTa + 4% — 2yz + 22 < y® + 2yz + 22
4Tz < dyz
Tz <yz

Because the inner product of two vectors is necessarily non-negative, this also
implies that yz > 0. Therefore, the given SOC constraint is equivalent to

(y+2) >0, xlx <yz, yz>0.
We can equivalently express these three constraints as
e <yz, y>0, 2>0.

Now we can see that the SOC and hyperbolic constraints are in fact equivalent.

9.2 Second-Order Cone Programs (SOCPs)
9.2.1 Overview of SOCPs

A second-order cone program (SOCP) is an optimization problem whose
objective function and equality constraint functions are affine and whose in-
equality constraint functions are second-order cones.
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Inequality Form

In inequality form, a second-order cone program can be expressed as

p* = min ¢z +d
@ERN
st. Az +billa<clx+d;, i=1,...,m

Fr=g

where c€ R", d e R, F € RP*" g € RP, A; € R™*" b, € R™i ¢; € R", and
d;eRfori=1,...,m.

Conic Form

We can also express this SOCP in conic form as

p* =min ¢’z +d
xeR”

st. (A;x + by, c?erdi) eK,, i=1,...,m
Fx=g

where c € R", d e R, F € RP*" g € RP, A; € R™*" b, € R™i ¢; € R", and
d;eRfori=1,...,m.

9.2.2 SOCP Duality

The primal problem for an SOCP in standard inequality form is
p* = min ¢z +d
xERP
st A+ bl <clx+di, i=1,....m
Fr=g

The Lagrangian for this problem can be expressed as

L v)=c'z+d+ Y N(l|Aw +bi|ls — cfz — d;) + v (Fz — g)
i=1

We can then express the primal problem as

p* = min max L(xz, A\, v)
xER™ X>0,,
vERP

m
_ : T T T
_éIel%RI}Lg%ﬁ c .’13—|—d+El>\1;(‘|Ai.’IJ+b7;||2—cim—di)—|—l/ (Fm—g)
vERP =

m

., T T(A. Ny (T _ T _

_:?euﬁRnnHurlnH%}Si/\i c w—ﬁ—d—l—;_l (ul (Ajxz +b;) )\Z(cim—i—dl)) +v' (Fx—g)
vERP -
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The dual problem can then be expressed as

m

d* = | n‘1|a)é>\ mi]Rn c'e+d+ (u?(Alw +b;) — Ai(cgw + dz)> + VT(F:E !
Uil|2 i TER™ ¢
VERP i=1

m T m
= max min (c+FTv+ ATu; — Nie ) :c—l—(d— Ty + bl u; —d;)\; )
max min > (Afws = i) o"v 4 3 (s —dh)
vERP 1= i=
The inside minimization problem is simply a linear program, which means we
can express the optimal value of this problem as

min {...} =

zER™ —00 otherwise

{ (d —gTv+ Y (bFu; — d,»)\i)) if (c +FTy+ 3" (Afu; — )\ici)) =0
The outer maximization problem selects the maximum of these two cases, so
the dual problem can be expressed as

m

d* = max (b?u1 —diN)—gTv+d
AV

s.t. Afu; = Nie;) +e+ FTv =0
> (4]
i=1

[lwilla < Ai, i=1,...,m

Now we can see that the dual problem is also an SOCP.

9.3 Converting Problems to SOCPs

As discussed in section linear programs (LPs) are a subset of convex quadratic
programs (QPs), which are a subset of convex quadratically constrained quadratic
programs (QCQPs), which are a subset of second-order cone programs (SOCPs).
Because all of these types of convex optimization problems are a subset of
SOCPs, we can convert each class of problem to an SOCP.

9.3.1 Linear Programs (LPs)

Recall that a linear program (LP) in standard form can be expressed as

p* =min ¢z +d
xER™

st. Gx<h
Ax =0b

wherec € R", d e R, G € R™*" h € R™, A € RP*™ and b € RP. If we assume
the rows of G are given by gZT and the elements of h are h; for i = 1,...,m,
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then this problem can be cast to a second-order cone program (SOCP) as

p* =min ¢’z +d
xTcR™
st. gle<h;, i=1,....,m

Ax=0b

9.3.2 Quadratic Programs (QPs)

Recall that quadratic program (QP) in standard form can be expressed as

1
p* =min —x’ Hex+c'x+d

xzeR? 2

st. Gx<h

Az =0b

where H € S, c € R", d € R, G € R™*", h ¢ R™, A € RP*", and b € RP.
This problem can be cast to a second-order cone program (SOCP) by first
introducing a slack variable ¢ for the quadratic term in the objective:

p* = min Ot+cTw+d

xeR™ 1>
1

s.t. imTHa: <t
Gx<h
Ax =0>

The first constraint in the above problem is a hyperbolic constraint, which

can be expressed as (Hl/Qa:)T(Hl/za:) < 2t. This allows us to express this
optimization problem as the following SOCP:

p*= min cfex+d+t

xeR™ >0
1/2
s.t. 2H Pz g
t—2 9
g?azghi, i=1,...,m
Ax =0b

9.3.3 Quadratically Constrained Quadratic Programs
(QCQPs)

Recall that a QCQP in standard form can be expressed as

1 7 T
*=min —x' Hox +cyx +d
V= min 5@ How o+ cow ot do

1
s.t. inHia:+c?a:+di§O, i=1,....,m
Ax =0>
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where A € RP*", b e RP, H; €S, ¢; € R", and d; € R for i = 0,...,m. This
problem can be cast to a second-order cone program (SOCP) by first introducing
a slack variable t for the quadratic term in the objective:

min  t+ cpx + do

x€R",t>0
1
s.t. §:UTHosr: <t
1
§a:THia:+ciT:1:—|—di <0,i=1,....m

Az =0b

The first constraint above is a hyperbolic constraint, which can be expressed as
(Hé/Zm)T(Hé/zw) < 2t. The second set of constraints are also a hyperbolic
constraints, which can be expressed as (Hil/2w)T(Hi1/2:c) < 2(—clz — 4)).
This allows us to express this optimization problem as the following SOCP

* : T
= min ecgx+dy+t
p xcR™,t1>0 0

1/2
s.t. HFHO ﬂ ‘§t+2

1/2

—c; :c—d -2
Ax=0b>
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Chapter 10

Semidefinite Programs
(SDPs)

10.1 Linear Matrix Inequalities (LMIs)
10.1.1 Overview of LMIs

Given a set of symmetric matrices Fy, F1, ..., F,, € S, a linear matrix pen-
cil is an affine subspace of the vector space S™, which is defined as

E(w):{F(w)GS” : F(:B)ZFo—i—ixiFi, weRm}.

=1

Given a set of coefficient matrices Fy, Fy, ..., F,, € S", a linear matrix in-
equality (LMI) is a constraint on a vector & € R™ of the form

m
F(a:) = Fy Jer‘iFi > 0.
i=1
A spectrahedron is a convex set that is composed of the points x € R™ that
satisfy a linear matrix inequality. In general, a spectrahedron has the form

X:{:ceRm : F(m)zo}.

10.1.2 LMI Manipulation

If we have N linear matrix inequalities Fy(x) = 0, Fa(x) = 0,..., Fn(x) > 0,
we can express them as a single linear matrix inequality in the following way:
Flz)=| . . , : =0
0 0 Fy(x)
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Given matrices A(x) € S", B(x) € S™, and X(x) € R™*™  we can use the
Schur complements to turn inequality constraints of a particular form into linear

matrix inequalities (LMIs). If we assume B(x) > 0, we can express an inequality
constraint of the form A(z) — X(z)B~!(z) X (z)T = 0 as the following LMI:

Alw)  X(@)]
X(x)" Blx)] =
Similarly, if we assume A(x) > 0, then we can express an inequality constraint

of the form B(z) — X (z)TA~1(z)X (x) = 0 as the following LMI:

@ na) =

10.2 Semidefinite Programs (SDPs)

10.2.1 Common Forms

A semidefinite program (SDP) is a convex optimization problem that aims
to minimize an affine objective function under an LMI constraint. We also allow
for affine equality constraints in our SDP formulation because these constraints
can easily be converted to LMIs. There are two general forms of SDPs.

Inequality Form
In inequality form, an SDP can be expressed as

p* = min cfx+d
xTeR™
m

st. Fo+» 2F; =0

i=1
where ¢ € R™, d € R, and F; € S"™ for i = 1,...,m. Note that the constant d
is sometimes omitted because it does not affect the optimal set.

Conic Form

In conic form, an SDP can be expressed as
*= min (C,X)+d
p"=min (C,X)+
st. (A, X)=b;, i=1,...,m
X =0
where C € S™, A; € S”, and b; € R for ¢ = 1,...,m. Recall that for two m xn

matrices A and B, (A, B) is the matrix inner product, which is defined as

m n

(A, B) = trace(ATB) = Z Z AijBij,

i=1 j=1

where A;; and B;; are the ijth elements of matrices A and B respectively.
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10.2.2 Transforming Between Forms
Conic to Inequality Form
Consider an SDP in conic form:
p = pin (C.X)
st (A, X)=bg, k=1,....,m
X >0

where C € S, A € S, and b, € R for £k = 1,...,m. To transform this
problem to inequality form, we can first use the definition of the matrix inner
product to express the original problem as

n n
Pi=min 3.3 CuXy

i=1 j=1

s.t. i Zn:{Ak}inij = bk, k= 1, -

i=1 j=1
X >0

This problem can equivalently be expressed as

p* = min O”X” + Z > CiXi

XGS"
i=1 j#i

s.t. {Ak}ZleZ+ZZ{Ak}ZjXZj = bk, k= 1,...,m
i=1 j#i
X >0

Let’s define the matrix E;; such that its ijth and jith elements are one and all
other elements are zero. This allows us to express our problem as

p = min CuXu + Z ZCZJXZJ

T Xesn =l
i=1 j#i
ZX”EW + ZZX”E” =0
i=1 j#i

This problem is now an SDP in inequality form. To make this more explicit,
we can replace each of the m equality constraints with a set of two inequality
constraints and write these inequality constraints in LMI form. We can then
combine all of our LMI constraints into a single one.
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Inequality to Conic Form

Consider an SDP in inequality form:

p* = min ¢’z
TER™

st. F(x)>=0

where ¢ € R™, F(z) = Fo + Y i, x;F;, and F; € S" for i = 1,...,m. To
transform this problem to standard form, we can first express the vector x as
x =xt —a—, where x+, 2~ > 0,,,, which allows us to express this problem as

p* = min 'zt —cTa™
xt ,z—

s.t. F0+Z$i+Fi—Z$;Fii0
i=1 i=1
sr:+, x~ >0,

We can then introduce a slack matrix T' € S™ and express this problem as

p*= min 'zt —claz™
xzt,x— T
m m
s.t. Fo+)» afFi=> 2 F,=T
i=1 i=1
ar:+7 x~ >0,
T=0

Again, we will define the matrix F;; such that its ¢jth and jith elements are
one and all other elements are zero. We will also define the following matrices:

diag(xT) diag(c)
X = diag(x™) and C := —diag(c)
T 07l Xn

For 1 < k < n, we will also define the following set of matrices:

[diag({F1}rk, - - - {Fmtik)
Ay = —diag({F1}trks -, {Fm}er)
i —Epg
For 1 < k < < n, we will define a similar set of matrices:
[diag({F1}rts - - {Fm i)
Ay = —diag({F1}ri, -, {Fm i)
I — 5B
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By defining these matrices, we can express our problem as

p*=_ min (C,X)

Xe§2mtn

s.t. (Agk, X) = —{Fot}rr, k=1,...,n
(Ap, X) = —{Fo}r, 1<k<l<n
X =0

This problem is now an SDP in conic form. Take a moment to convince yourself
that this formulation of the SDP is equivalent to the previous problem.

10.3 SDP Duality

10.3.1 SDP in Inequality Form
The primal problem for an SDP in inequality form is given by

p* = min ¢’z
zeR™

m
st. Fo+» 2F; =0

i=1

where ¢ € R™ and F; € S” for i = 1,...,m. The dual of this problem is

Notice the dual problem for an SDP in inequality form is an SDP in conic form.

10.3.2 SDP in Conic Form

The primal problem for an SDP in conic form is given by

*=min (C, X
P (O X)

st. (A, X)=b;, i=1,...,m
X >0

where C' € S", A; € S”, and b; € R for i = 1,...,m. The dual problem is

d* = max — b’z
ZER™

s.t. (74-53:Zp4ifio

i=1

Notice the dual problem for an SDP in conic form is an SDP in inequality form.
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10.3.3 Strong Duality

Whether an SDP is expressed in inequality or conic form, the primal and dual
problem are both SDPs. This implies that strong duality holds if Slater’s condi-
tion holds for either the primal or dual problem. Therefore, if either the primal
or dual problem is strictly feasible, then strong duality holds. If both are strictly
feasible, then the primal and dual optimal sets are non-empty.

10.4 Converting Problems to SDPs

As discussed in section linear programs (LPs) are a subset of convex quadratic
programs (QPs), which are a subset of convex quadratically constrained quadratic
programs (QCQPs), which are a subset of second-order cone programs (SOCPs),
which are a subset of semidefinite programs (SDPs). Because all these types of
optimization problems are a subset of SDPs, we can convert each to an SDP.

10.4.1 Linear Programs (LPs)

Recall that a linear program (LP) in standard form can be expressed as

p* =min Tz +d
xTER™

st. Gx<h
Az =0b

where ¢ € R", d € R, G € R™*" h € R™, A € RP*" and b € RP. This
problem can be cast to a semidefinite program (SDP) as

p* =min ¢z +d
xER™

s.t. diag(h — Gz) = 0
Ax=0»b

10.4.2 Quadratic Programs (QPs)

Recall that a quadratic program (QP) in standard form can be expressed as

1
pt = rrel]iRn ia:THw +clx+d
@x n

st. Gx<h
Ax=0b>

where H € S7,c e R*",d e R, G € R™*" h € R™, A € RP*", and b € RP.
This problem can be cast to a semidefinite program (SDP) by first introducing
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a slack variable ¢ for the quadratic term in the objective:

p*= min t+clx+d

xeR™,t>0
1
s.t. t> §wTH:c
Gx <h
Az =0b

Because H is a positive semidefinite matrix, the matrix product property says
that there exists a matrix W € R™¥" such that H = WWT, where r =
rank(H). This allows us to express the quadratic program as

p*= min t+clz+d

@ER™,t>0

s.t. 2t > (Wha)T (W)
Gx <h
Az =10

The first constraint can be expressed as 2t — (WTz)TI 1 (WTx) > 0. We
can use Schur complements to express this as a linear matrix inequality, which
allows us to express this optimization problem as the following SDP:

p*= min t+clx+d
xceR™,t>0

dlag(h Gx) =0
Az =b

10.4.3 Quadratically Constrained Quadratic Programs
(QCQPs)

Recall that a QCQP in standard form can be expressed as

1
p* = min 5% THox + clx + dy

xeR”
1

s.t. inHi:l:—i—ciTw—i—digO, 1=1,....m
Ax=b

where A € RP*", b e RP, H; € S%, ¢; € R", and d; € R for i = 0,...,m. This
problem can be cast to a semidefinite program (SDP) by first introducing a slack

Convex Optimization | S. Pohland



CHAPTER 10. SEMIDEFINITE PROGRAMS (SDPS)

variables ¢; for the quadratic terms in the objective and inequality constraints:

= min to + cgsc + dy
zER™, t>0,,41

s.t. ti+ciTw+di§0,i=1,...7m
1
tizimTHia:, 1=0,...,m
Ax=0»

Because H; is a positive semidefinite matrix, the matrix product property says
there exists a matrix W; € R™*"i such that H; = WiWiT7 where r; = rank(H;)

for i =0,...,m. This allows us to express the quadratic program as
* _ meR"I,r%iznomﬂ to + COTa: + dyp
s.t. ti+ciTw+di§O,i:1,...,m
2t; > (Wla)T(Wlx), i=0,...,m
Az =0b

The second set of constraints can be expressed as 2t; — (Wl @) "I} (W) > 0,
where ¢ = 0,...,m. We can use Schur complements to express these constraint
as linear matrix inequalities, which allows us to express this optimization prob-
lem as the following SDP:

* . t T d
mERT}T%IZIIOmA»l 0 + co r + 0
I,. WzTa: .
t. - b =0,...
s.t [wTWi ot =0,1=0,...,m
diag(—t; —cfx —d;)) =0, i=1,...,m
Ax=b

10.4.4 Second-Order Cone Programs (SOCPs)
Recall that an SOCP in inequality form can be expressed as

p* =min c’x+d
xR
st. JJAsxz+billa<clx+d;, i=1,...,m
Fx=g
where ¢ € R", d € R, A; € R™X" b, € R™ ¢; € R, d; € R, F € RP*™,
and g € RP. This problem can be cast to a semidefinite program (SDP) by first
squaring both sides of the first constraint:
p* =min ¢’z +d
TeR™
st Az +bi]|5 < (cle+d;)? i=1,...,m
Fx=g
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Using properties of norms, the first constraint can be expressed as
(Aiz +b;)" (Aiz + b;) < (c]z+d))*, i=1,...,m
(C,LTIB + di)2 —(A;x + bi)T(Ai:B +b;)>0,i=1,...,m
(cFx+d;) — (cFx +d) Y (Asx + b)) T (A +b;) >0, i=1,...,m
-1
(T +d;) — (Agz + bi)T((ch + di)Imi> (Asz+b;) >0, i=1,....m
We can use the Schur complements to express this as a linear matrix inequality,
which allows us to express this optimization problem as the following SDP:
p* =min ¢’z +d
xzeR”™
" (Aiz+ b)) (cFz+d)| =7

Fx=g

1=1,...,m

10.4.5 Non-Convex Quadratic Problems

A non-convex quadratically constrained quadratic problem is an optimization
problem whose objective, inequality constraint functions, and equality con-
straint functions are all quadratic. Because we no longer assume this problem
is convex, the objective and inequality constraint functions are not necessarily
convex quadratics and the equality constraints are not necessarily affine. A
non-convex quadratically constrained quadratic problem generally has the form

1
p* = agreliRr}m imTHO:B +clx +do

1
s.t. §wTHi:c + c;frw +d; <0,iel

1
§$THJ‘$—|-C?£L'+CZ]‘ =0,j€€&

where Hg, H;, H; € R"*", ¢o,¢;,c; € R", and dp,d;,d; € R for all ¢ € T and
j € €. The set Z contains the indices corresponding to inequality constraints
and the set £ contains the indices corresponding to equality constraints.

Non-convex quadratically constrained quadratic problems are generally hard to
solve because they are not convex. However, we can use semidefinite program-
ming to obtains bounds on a problem of this form. We can first express this
problem in terms of the vector £ € R™ and the symmetric matrix X = zx” € S™:

1
p* = min =

min - (Ho, X) + cox +do

1

s.t. §<Hi,X>+ciT:c+d¢§0,i€I
1 .
5<HJ-,X>+c]Tgc+dj:0, jeé&

X =zz”
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We can now relax the last equality constraint X = za” into a convex inequality
constraint X = xz”, which can also be expressed as X — x(1)"'zT = 0. This
constraint can be written as a linear matrix inequality, allowing us to write a
relaxed version of the non-convex quadratic problem as a semidefinite program:

1
¢" = min - (Ho, X) + cox + do

xeR”
1

s.t. §<Hi,X>+ciTa:+di§O,i€I
1 ‘
§<H,-,X>+cj%+dj:0, jEE
X =
[wT 1] =0

Since we have relaxed a constraint into a more general convex one, the optimal
value, ¢*, of the relaxed problem provides a lower bound on the optimal value,
p*, of the non-convex quadratic problem (i.e. p* > ¢*).
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Chapter 11

Iterative Algorithms

11.1 Unconstrained Minimization Problems

11.1.1 TIterative Algorithms

The goal of an unconstrained minimization problem is to minimize a function
f :R™ — R over the domain, dom f. We assume there exists an optimal solution
& and denote the optimal value p* = f(&). If f is differentiable and convex, a
necessary and sufficient constraint for a point & to be optimal is

Vo f(®)|z=2 = 0.

Sometimes we can use this optimality condition to solve a minimization problem
analytically, but often it is more useful to use iterative techniques. An iterative
algorithm computes a sequence of points xg, 1, ...,Tr € domf such that the
sequence converges to the optimal solution (i.e. limy_, o f(xx) = p*).

11.1.2 Lipschitz Continuity

One important property of functions to consider when discussing unconstrained
minimization problems is Lipschitz continuity. A function f :R™ — R is Lips-
chitz continuous on domf if there exists a constant L > 0 such that

|f(z) = f(y)| < Ll|lz — yl|2, Y&,y € domf.

A continuously differentiable function f : R — R has a Lipschitz continuous
gradient on domf if there exists a constant L > 0 such that

||v$f(w) - vyf(y)Hg < LH‘T _y||2a V:B,y € dOHlf

If a function f has a Lipschitz continuous gradient on its domain, it is said to
be L-smooth. If a function f is L-smooth and is twice differentiable, then

V2f(x) =< LI,, Vx € domf.
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A twice continuously differentiable function f : R™ — R has a Lipschitz contin-
uous Hessian on domf if there exists a constant L > 0 such that

11.1.3 Strong Convexity

Another important property of functions in unconstrained minimization prob-
lems is strong convexity. A function f:R™ — R is strongly convex on some
subset S C R™ if there exists a constant m > 0 such that the function

fl@) = f(x) — %Hm“% is convex on S.

If a function f is strongly convex on S and is twice differentiable, then

V2f(x) = mI,, Vx € S.

11.2 Affine Iteration Algorithm

Consider a descent algorithm that admits an update rule of the form
Tpy1 = Az +b where AeR™™ beR"”

Notice that for an initial point xq, this update rule can also be expressed as

k-1
zp = AFxzo + Z A'b.

=0

Assume that as k approaches infinity, @) approaches an equilibrium point,
&. We can express the value of the equilibrium point as

o0

&= lim x, = lim A"z, +§ A'b.
k—o00 k— o0 o
1=

11.2.1 Convergence for a Diagonalizable Matrix

If we can assume that A is diagonalizable and that we can express its diagonal
form as A = UAU™!, then A¥ = UA*U~'. If any eigenvalue of A has
magnitude greater than one, then the corresponding element in A* will approach
infinity as k goes to infinity, so some elements of A¥ must also go to infinity. In
this case, the iterative algorithm will not reach an equilibrium point.

If the magnitudes of all the eigenevalues of A are less than or equal to one, the
magnitude of each element in A is less than or equal to one. When we take
the limit of each element of A* as k goes to infinity, diagonal elements with
magnitude equal to one will go to one and elements with magnitude strictly
less than one will go to zero. In this case, A* is bounded. If any eigenvalue of
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A is equal to one, the infinite sum of the element in A’ corresponding to this
eigenvalue is infinity. Therefore, the algorithm will not reach an equilibrium.

If the magnitudes of all the eigenevalues of A are strictly less than one, the
magnitude of each element in A is less than one. In this case, when we take the
limit of each element of A* as k goes to infinity, all of the elements go to zero,
which implies that A¥ approaches the zero matrix. Under this constraint,

&= iAib = i UANU 'b=U (i Ai> U~'b.
=0 =0 =0

Because A is a diagonal matrix composed of the eigenvalues of A, we can write

Sa-
= 20 An(A)’
Assuming that [A\;(A)| < 1fori=1,...,n, each diagonal element of the matrix
above is an infinite sum of a converging geometric series, which tells us
1
0o -2 (A)
DA = = (I, —A)".
i=0

1
1_>\n(A)
This now allows us to write the equilibrium point of this descent algorithm as

&=UI,-AN"'U'b=ULU'-UAU Y 'b=(I,—- A 'b.

11.2.2 Convergence for a General Matrix

Now consider the case when A is not necessarily diagonalizable. We can still
use the eigenvalues of A to characterize the convergence of a descent algorithm
of this form. Suppose that the algorithm has reached the equilibrium & (i.e.
ZTr+1 = T = &). Under this assumption, we can write

T=Az+b.
Rearranging this equation, we have
(I, — A)Z =b.
For now, assume that the matrix (I,, — A) is invertible. Under this assumption,

&= (I, — A 'b.
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With this definition of the equilibrium, notice that we can write

Tpyr1 = Az + b

= Az, +b+ A(I, — A)"'b— A(I, — A)7'b

- A(:ck (Lo — A)*lb) + (In AT, - A)*l)b

= A2k — (I = A)7'0) + ((In = A)(In — A) 7' + AL, — 4) )b
- A(:ck — (In — A)-lb) + ((In — A+ AT, - A)-l)b

- A(:ck (Lo — A)*lb) + (In(In - A)*1>b

= A2k — (In — 4)7'6) + (I — 4) b

= Az — @)+ &

Bringing the equilibrium & to the left hand side, we have
Tpy1 — & = Az, — ).
Defining a new variable as &g := o — &, allows us to write
Tpt1 = AZg.

Now we simply have a linear time-invariant discrete time system with the state
vector . We want xy to converge to the equilibrium point & as k approaches
infinity, so we want &y = xp — & to converge to the origin. Therefore, we want
the origin of the discrete time system to be an asymptotically stable equilibrium.
From the study of linear systems, this is true if and only if all of the eigenvalues of
A fall within the unit circle in the complex plane (i.e. |A\;(A)| <1Vi=1,...,n).

Recall that we previously assumed that the matrix (I, — A) is invertible. If
the eigenvalues of A fall within the unit circle in the complex plane, then the
eigenvalues of (I,, — A) must be strictly greater than zero and this matrix is
invertible. Therefore, if all of the eigenvalues of A fall within the unit circle,
then the descent algorithm converges to the equilibrium & = (I, — A)~'b.

11.2.3 Contraction Mapping Theorem

The contraction mapping theorem says that if U is a closed subset of a
Euclidean space and T : U — U satisfies

1T () = T(y)ll < pllz -yl

for some p < 1 and for all z and y in U, then T has a unique fixed point in
U. In addition, the sequence xg41 = T(xg) converges to that fixed point for
any initial point &g € U. This theorem can help us analyze the convergence
properties of the special class of algorithms that satisfy

53]@4_1 = Ai)k where :f)k = Tk — z.
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From the properties of norms, we know that
Az — Ay|| = |[A(z — y)|| < ||A]| ||z — yl|.

Therefore, if ||A|| < 1 for any matrix norm, then the contraction mapping
theorem says that the iterative algorithm converges to a unique equilibrium. We
know the origin must be an equilibrium, so £y — 0,,, which implies o — .
11.2.4 Rate of Convergence

The rate of convergence of an iterative algorithm is defined as

_ ®kg1 — 22
llzw — 2|1

We previously showed that for any matrix A, whose eigenvalues fall within the
unit circle in the complex plane, we can write

Tr+1 — T = A(a:k — .’f})
Taking the norm of both sides, we get
a1 — 2|2 = |[A(zk — 2)|]2 < [[All2]J@r — 2|2

||Th+1 — 22
= < Al
||k — &2

Therefore, the rate of convergence is upper bounded by the induced /5 norm of
the matrix A, which is equivalent to the maximum singular value of A.

11.3 Power Iteration Algorithm

Given a symmetric matrix A € St with eigenvalues A\ > A2 > ... > A, > 0,
the power iteration algorithm is an iterative algorithm that follows the rule

A:Bk

TR T Ayl

Notice that for the first few values of the iteration number k,

Az
17 Aol
oy — Axq :< A’z )H A’z _( A%z ><|A2w0|2) _ A’z
||[Az1]2 [[Azoll2 ) || [[Azol|2]], |Azoll2 ) \ [[Azol[2 | A2zo]|2
B AFgg
T ARz
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11.3.1 Convergence of Power Iteration

To analyze the convergence of the power iteration algorithm, note that if A
admits the spectral decomposition A = UAUT, we can express Ty, as
UAUTx, UA'UTx,

kT UAUTaoll; ~ [[AFUTa|]5

Because U is an orthogonal matrix, this allows us to write
AkUT:BO

UTg, = — — <0
P IARU Tz

To make it easier to find the equilibrium of this iterative algorithm, we can
define a new variable zj such that zj := UTx;. We can now express zj as

T
_ AkZ() o |:>\]1€Zél) )‘flz(()n)}
= kj - 2.
1A%l () ok (™))

Assume that Ay > Ao > ... > X\, > 0. For very large values of k, the value of

MY is much larger than that of AF for i = 2,...,n. Therefore, as long as zél) is

not equal to zero, the term ()\’fz(()l))2 will dominate in the denominator of the

equation above as k — oo. This tells us that under this condition,

2k

lim zp = e;.

k—o0
Recall that we previously defined zj, such that 2z := Uz, which means that
we can express g as Tx = U zg. This now allows us to see that

lim p =U lim 2z =Ue; = uq,
k—o00 k—o00

where w; is the first column of U and the orthonormal eigenvector of A corre-
sponding to the largest eigenvalue, \;. Therefore, as long as zél) is not equal to
zero, the power iteration algorithm converges to the eigenvector u; correspond-
ing to the largest eigenvalue of A. Once we have found this eigenvector, we can

find the largest eigenvalue A; using the equation Au; = A\ju;.

The power iteration algorithm converges to the largest eigenvector if z(()l) is non-
zero. Because zg := UT xg, zél) = u] ¢ is zero if and only if x¢ is orthogonal
to the eigenvector u;. Therefore, the power iteration algorithm converges to

the largest eigenvector, assuming the initial guess, x¢, is not orthogonal to u;.
11.3.2 Variations of Power Iteration

Second Largest Eigenvalue

There are a couple of common variations of the power iteration algorithm. First,
assume that instead of finding the largest eigenvalue of A and the correspond-
ing eigenvector, we want to find the second largest eigenvalue and corresponding
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eigenvector. In order for the algorithm to converge to the second largest eigen-
vector, we need zél) to be zero and 2(82) to be non-zero. Thereofore, we should
choose an itinital guess x¢ that is orthogonal to w;. For any random vector
xo € R™, the vector connecting xg to its projection onto u; is orthogonal to

uy. Thereofore, we could use the new initial value

Ty = To — L(’Tul u;.
llwall2

Largest Singular Value

Another common variation of the power iteration algorithm is used to find the
largest singular value of a matrix M € R™*"™ that is not necessarily square
whose singular values are o; > o9 > ... > o, > 0. We can use the power
iteration algorithm with the matrix A = MTM to find the right singular
vector vy corresponding to the largest singular value, 1. We can then use the
equation Av; = oiwv; to solve for largest singular value. We can also use the
power iteration algorithm with the matrix A = M M7 to find the left singular
vector uy corresponding to the largest singular value, o1. We can then use the
equation Auy = ofu; to solve for largest singular value.
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Chapter 12

Descent Algorithms

12.1 Descent Methods

Descent algorithms are an iterative technique used to solve unconstrained
minimization problems, which use the following update rule:

T+1 = Tk + SkVk, Where

xr € R"™ is the current point,

Tr4+1 € R™  is the updated point,

sy € Ry, is the step size/length,

v € R"™ is the step/search direction, and

k eN is the iteration number.

We assume that vy is a descent direction, meaning that v,fvxf(w) |w=w’c < 0.
Given a differentiable objective function f : R™ — R, an initial point x¢ €
domf, and some stopping criterion (which generally depends on a tolerance
€ > 0), a general descent algorithm follows these procedures:

1. Set k= 0.
2. Choose a descent direction, vy.
Choose a step size, s > 0.

Update the current point such that 41 = Tp + SEVk-

orok W

Check if the stopping criterion is satisfied.

(a) If the stopping criterion is satisfied, return xg.

(b) Otherwise, let k < k + 1 and go to step 2.

90
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12.2 Step Size Selection

12.2.1 Exact Line Search

It is not always simple to analyze the convergence properties of descent algo-
rithms. Even if the function, f, that we aim to minimize is convex, the step
size, s, must be chosen properly at each iteration to ensure that the descent
algorithm will converge. In order for the algorithm to converge, we need f(x)
to decrease at a sufficient rate. Exact line search is a method for choosing the
optimal step size, s}, which provides the greatest possible decrease from f(x)
to f(@g41). Recall that the update rule tells us that zg41 = g + Spvk, which
then implies that f(zg+1) = f(r + skve). The exact line search method finds
the optimal step size by solving the following minimization problem:

sy = argmin f(xg + SkVk)-
SkZO

If f is convex, a descent algorithm that selects the step size in this way is
guaranteed to converge to the optimal value. However, this method is often
computationally demanding, so exact line search is rarely used in practice.

12.2.2 Armijo Condition

Rather than finding the step size that provides the maximum function decrease,
we can use other methods to find a step size that provides a sufficient rate of
decrease. Consider the function ¢ : Ry — R, which is defined such that

?(s) = f(xk + sv).
The gradient of this function with respect to s is

Vs¢(5) = st(mk,—FS’vk) = fo($)| vs(mk+svk) = Ugvxf(l'ﬂ

m:(mk+s'vk)' z=(xp+svE)’

We will define the variable d; as this gradient evaluated at s = 0, i.e.
8 = V()| g = v Va (@), -
With this definition, we can express the line tangent to ¢(s) at s =0 as
I(s) = ¢(0) + sdp.
For a € (0,1), we will also define a line [ : R, — R such that
I(s) = ¢(0) + asd.

The Armijo condition says that valid step sizes, s, that provide a sufficient

rate of decrease must satisfy the inequality ¢(s) < I(s) for some a € (0,1).
Furthermore, there exists some step size s € (0, §) that satisfies this condition,

where 5 > 0 is the smallest non-negative value of s that such that ¢(5) = I(5).
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To understand this condition, note that d; < 0 because vy, is assumed to be a
descent direction. Since we restrict s to be non-negative, we can then say that

sk < 0. Therefore, if we choose o € (0,1), then I(s) is greater than [(s) for all
values of s > 0. Recall that I(s) is the line tangent to ¢(s) at s = 0. Therefore,

I(s) must lie above ¢(s) for sufficiently small s > 0. Since ¢(s) is bounded below

and {(s) is unbounded below, there must be some point, 5, where ¢(s) and I(s)
cross. Figure helps demonstrate the Armijo condition.

Ol

dls) =2 (s)

! 3 e °

Figure 12.1: For a step size s, ¢(s) is a bounded function defined
such that ¢(s) = f(xg + svg), where vy is a descent direction.
The function I(s) is the line tangent to ¢(s) at s = 0, which

can be expressed as I(s) = ¢(0) + sdy, and [(s) is defined such
that [(s) = ¢(0) + asdy for a € (0,1). Based on how we defined
these functions, /(s) must lie above ¢(s) for small enough values

of s. We define 5 as the first point where [(s) and ¢(s) cross, so
@(s) < I(s) for s € (0,5) and ¢(5) = I(5).

12.2.3 Backtracking Line Search

Often, the backtracking line search algorithm is employed to find a step size
that meets the Armijo condition. Given a differentiable function f : R™ — R,
an initial point g € domf, a descent direction vy, an initial step size Sjnqt
(usually we choose s;n;+ = 1), and two constants a € (0,1/2) and 8 € (0, 1), the
backtracking algorithm follows these procedures:

1. Set s = st and 0, = v,fof(w)\

2. Compute ¢(s) = f(xx + svg) and I(s) = f(zx) + asdy.

3. Compare the value of ¢(s) and I(s).

(a) If ¢(s) <I(s), return s = s.
(b) Otherwise, let s < 8s and go to step 2.
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12.3 Gradient Descent

12.3.1 Overview of Gradient Descent

Gradient descent is a descent algorithm in which the descent direction is the
negative gradient of the function (i.e. vg = *me($)|w:wk). With this choice
of descent direction, the update rule can be expressed as

:Bk_|_1 = Tk — Skvrf(w)‘w:wk.

Given a differentiable function f : R™ — R, an initial point &g € domf, and a
tolerance € > 0, the gradient descent algorithm follows these procedures:
1. Set k= 0.

2. Compute the descent direction vy = =V, f(z)|

T=xp "

3. Choose a step size s > 0.
4. Update the current point such that xx4+1 = xr + spvk.
5. Check if the stopping criterion (often ||vg|l2 < €) is satisfied.

(a) If the stopping criterion is satisfied, return .
(b) Otherwise, let k < k + 1 and go to step 2.

12.3.2 Gradient Descent with Backtracking

Often we use the backtracking line search algorithm to compute the step size
when using the gradient descent. Given a differentiable function f : R™ — R,
an initial point g € domf, a tolerance ¢ > 0, an initial step size s;p;; (usually
Sinit = 1), and two constants « € (0,1/2) and 5 € (0,1), the gradient descent
algorithm with backtracking follows these procedures:

1. Set k£ =0.
2. Choose a step size s > 0.
(a) Set s = Singt-

(b) Compute ¢(s) = f (ack - Svmf(w)|m:mk).

(c) Compute I(s) = f(xx) — sa vaf(a:)’

(d) Compare the value of ¢(s) and I(s).
i. If ¢(s) < I(s), choose s = s.
ii. Otherwise, let s < (s and go to step b.

2

T=Tp 2'

3. Update the current point such that xg4+1 = g — skvif(a:)‘m:mk.
4. Check if the stopping criterion is satisfied.

(a) If the stopping criterion is satisfied, return xg.
(b) Otherwise, let k < k + 1 and go to step 2.
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12.3.3 Convergence of Gradient Descent
Non-Convex Function

If f is a non-convex function with a Lipschitz continuous gradient, then the
gradient descent algorithm converges to a stationary point of f (i.e. a point &
for which V, f(x)|z=z = 0) for an appropriate choice of the step size si. This
point is not necessarily a global minimum for the function; it may be a local
minimum, a local/global maximum, or an inflection point.

Convex Function

If f is a convex function, then V,f(x)|z=z = 0 if and only if & is a global
minimizer of f. Therefore, if f is a convex function with a Lipschitz continuous
gradient, then gradient descent converges to a global minimizer, &, for an appro-
priate choice of step size. Furthermore, the gradient descent algorithm produces
a sequence f(xg) that converges to the global minimum value p* = f(&).

Strongly Convex Function

If f is a strongly convex function, then the gradient descent algorithm converges
to the unique global minimizer, &, for an appropriate choice of step size. Fur-
thermore, the algorithm produces sequences ||xx — &||2, ||f(zr) — p*||2, and
[|Vaf(zk)||2 that converge to zero at a linear rate, meaning that the logarithm
of these sequences tends linearly to negative infinity.

12.4 Newton’s Method

12.4.1 Overview of Newton’s Method

While gradient descent is a first order method that only employs the gradient of
a function, Newton’s method is a second order technique that employs both
the gradient and Hessian of a function. In the pure Newton method, the step
size is s = 1 and the descent direction, which is referred to as the Newton
step, is v = 7(Vif(m)|m:mk)71vzf($)‘m:mk. With this choice of step size
and descent direction, the update rule for the pure Newton method is given by

-1
@irs =2k — (VI (@lamw,) Vil (@)]ea.

The pure Newton method is generally not guaranteed to converge globally, so
we often use the damped Newton method. In the damped Newton method,
the descent direction is the same, but the step size, si, is not necessarily equal
to one. The update rule for the damped Newton method is given by

-1
i1 = @k — 51 (V2 @)amor) Vol (@)loa.

Given a twice continuously differentiable function f : R™ — R, an initial point
xg € domf, and a tolerance ¢ > 0, the Newton method follows these procedures:
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1. Set & =0.
—1
2. Compute the Newton step vg = —(Vif(m)\m:mk) Vo f(@)|z=z),-

3. Choose a step size s > 0.

4. Update the current point such that xx41 = T + spvk.
-1
5. Compute the squared decrement \? = —v} (Vif(wﬂm:wk) V()| z=ay -

6. Check if the stopping criterion (often A7 < ¢) is satisfied.

(a) If the stopping criterion is satisfied, return xg.

(b) Otherwise, let k < k + 1 and go to step 2.

12.4.2 Newton’s Method with Backtracking

Often we use the backtracking line search algorithm to compute the step size
when using the damped Newton method. Given a twice continuously differen-
tiable function f : R™ — R, an initial point ¢ € domf, a tolerance ¢, an initial
step size Sinit (usually s;ni: = 1), and two constants « € (0,1/2) and 8 € (0,1),
the damped Newton algorithm with backtracking follows these procedures:

1. Set k£ =0.
2. Choose a step size s > 0.
(a) Set s = sinit-
-1
(b) Compute ¢(s) = f(a:k - 5<V§f(a:)|m:mk) me(m)\m:mk> and
_ -1
(5) = fl@r) = 50V f (@) Jaman (V2 @)aman) Vi (@)]o=ar:

(¢) Compare the value of ¢(s) and I(s).
i. If ¢(s) < I(s), choose s = s.
ii. Otherwise, let s + 8s and go to step 2(b).

3. Update the current point such that
-1
D1 = @k — 51 (V2 (@)oman ) Vil (@)oo
4. Check if the stopping criterion is satisfied.

(a) If the stopping criterion is satisfied, return xg.
(b) Otherwise, let k < k + 1 and go to step 2.
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12.4.3 Convergence of Newton’s Method
Non-Convex Function

If f is a non-convex function with a Lipschitz continuous gradient, then New-
ton’s method converges to a stationary point of f (i.e. a point & for which
V. f(x)|z=z = 0) for an appropriate choice of the step size s;. This point may
be a local/global minimum, a local/global maximum, or an inflection point.

Convex Function

If f is a convex function, then V,f(x)|z=z = 0 if and only if & is a global
minimizer of f. Therefore, if f is a convex function with a Lipschitz continuous
gradient, then Newton’s method converges to a global minimizer, &, for an
appropriate choice of step size.

Strongly Convex Function

Recall that if f is a strongly convex function, there exists a constant m > 0 such
that f(x) — 2||z||3 is convex. Additionally, if f has a Lipschitz continuous Hes-
sian, there exists a constant L > 0 such that ||[V2 f(x) — V2 f(y)|]2 < L||z —yl|2
for all &,y € domf. If f is a strongly convex function with a Lipschitz contin-
uous Hessian, then Newton’s method converges to the unique global minimizer
& for an appropriate choice of step size. Additionally, there is a constant 7
satisfying 0 < n < m?2/L that breaks the convergence of Newton’s method into
the following two phases:

1. Damped phase

Initially, the I3 norm of the gradient of f satisfies ||V, f(xk)||2 > 7. During
this phase, the gap from optimality decreases by at least a fixed amount
~ > 0 with each step, which we can express as

f(®ry1) — f(xr) < —7.

2. Pure phase
Later, the I3 norm of the gradient of f satisfies ||V, f(x)||2 < n. During
this phase, no backtracking is needed to choose the step size because we
can use the step size s = 1. Additionally, in this phase, the optimality
gap decreases by a factor (%)2"‘ in m steps, which we can express as
L L 2
55 Vet @il < (55192 @)ll2)

Convergence to optimality during this phase is doubly exponential, which
is called quadratic convergence.
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12.5 Gradient Descent vs. Newton’s Method

As stated previously, gradient descent is a first order method that only employs
the gradient of a function, while Newton’s method is a second order technique
that employs both the gradient and Hessian of a function. Because the Hessian
provides information about the contour of the function and can give some indi-
cation of how far we are from the optimal solution, Newton’s method can follow
a more efficient path towards the optimum, as compared to gradient descent.
For this reason, Newton’s method often takes fewer iteration to converge to the
optimum than gradient descent. If the function is a convex quadratic, Newton’s
method actually converges in only one iteration. Although Newthon’s method
may converge in fewer iterations, gradient descent is more often used in practice
because the inverse of the Hessian of a function is typically hard to compute.
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